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Course Topics

1. Introduction to DLD, Verilog HDL, MATLAB/Simulink
2. Number systems

—| 3. Analysis and synthesis of combinational circuits

4. Decoders/encoders, multiplexers/demultiplexers

5. Arithmetic systems, comparators, adders, multipliers

6. Sequential circuits, latches, flip-flops

7. Registers, shift registers, counters, LFSRs

8. Finite state machines, analysis and synthesis

Text: J. F. Wakerly, Digital Design Principles and Practices, 5/e, Pearson, 2018
additional references on Canvas Files > References




Analysis and Synthesis of Combinational Circuits

Analysis Problem: Given a combinational circuit made up of
logic gates, determine the output F as a function of the input
variables, X,Y.Z...

combinational

logic circuit F=1(X,Y.2)

Synthesis/Design Problem: Given a combinational circuit
defined by its I/O mapping, F = f(X,Y,Z,..), typically stated as
a truth table, synthesize the circuit with logic gates,
preferably using the minimum number of gates, as well as
trying to minimize propagation delays.




Unit-3 Contents: (current reading:, Wakerly Chapter 3)
. Boolean algebra, axioms, theorems, properties
. Standard logic gates, AND, OR, NOT, NAND, NOR, XOR, XNOR

1
2
3. Operator precedence (* has higher precedence than +)
4. Duality

5. One-, two-, and three-variable theorems and their duals

6. De Morgan’s theorems, De Morgan duality

7. De Morgan’s theorems for NAND/NOR and AND/OR gates
8

9

. NAND and NOR universal gates
. NAND-NAND and NOR-NOR implementations

10. Bubble-to-bubble transformations, bubble-pushing operations
11. Proofs using truth tables, or using the basic theorems

12. Algebraic simplification of logic expressions




Contents, continued:
13. Combinational circuit synthesis from truth table — example
14. Simulink implementations, exporting Verilog code
15. Standard representations of combinational circuits
16. Canonical minterm/SOP and maxterm/POS representations
17. Combinational circuit analysis — examples
18. Combinational circuit synthesis — examples
19. Combinational circuit minimization — Karnaugh maps

20. Timing hazards




1. Boolean Algebra, Axioms, Theorems, Properties

Boolean algebra, or switching algebra, is a branch of
mathematical logic in which variables take only two values:

TRUE, FALSE, or, alternatively, 1, 0, or, HIGH, LOW

It was invented by George Boole and its relevance to electrical
engineering originated with Claude Shannon. See the Wikipedia
resources below.

George Boole

Claude Shannon

The algebraic system is defined by certain axioms involving
the AND, OR, and NOT operations and the constants 0, 1.

but see also, Fuzzy Logic, in which TRUE is relative in the range (0,1]



https://en.wikipedia.org/wiki/George_Boole
https://en.wikipedia.org/wiki/Claude_Shannon
https://en.wikipedia.org/wiki/Fuzzy_logic

The AND, OR, and NOT operations between any two Boolean variables
X,Y are denoted by the dot - and plus + operations, and by prime ’ for

the complement or inverse,
AND(X,Y)=X-Y =logical AND
OR(X,Y)=X+Y =logical OR
NOT(X) =X’ = logical NOT, or complement, or inverse
Alternative notations are those used in computer languages, such as
MATLAB and Verilog, using the symbols, & | ~
AND(X,Y)=X &Y =logical AND
OR(X,Y)=X|Y =logical OR
NOT(X) =~X  =logical NOT, or complement, or inverse

NOT is also denoted by an overbar, NOT(X) = X




Also, the dot, -, is often omitted in AND operations, provided it would
not cause an ambiguity in the name of the variable,

for example, if A,B,C are three distinct variables, then we can write,
A-B-C=ABC

On the other hand, if AB and C are two distinct variables, then, it
would be better to use the dot to avoid ambiguity, that is, write,

AB - C

or, use parentheses, (AB)C, instead of the more ambiguous ABC




2. Standard logic gates || AND, OR, and NOT operations

X Y [X-Y
AND
0 0| O
Xi
10| 0
11| 1
or X Y | X+Y
X 00| 0
vl o
10| 1
11| 1
NOT | x
X%X' 0 | 1
1|0




2. Standard logic gates || NAND and NOR operations

AND NAND
X Y X-Y| (XYY
NAND
| 00 O 1
v R
10 0 1
11 1 0
OR  NOR
X Y  X+Y | (X+Y)
NOR
X 00 O 1
<MW x93 5 |3
10 1 0
11 1 0




(XY'+ X'Y) = XY + X'Y' from De Morgan

2. Standard logic gates || XOR and XNOR operations | exclusive OR
XOR
XY | XY+ XY
XOR
ij XY' + X'Y = 8 (1) (1)
Y X+Y) (X' +Y'
EXNX+Y) D .
/ 1 1 0
because, XX'=Y'Y=0
XNOR
XNOR XY | XY+XY
xj& XY +X'Y' = 00 1
Y (X+Y") (X' +Y) 0 1 0
1 0 0
1 1 1
| |

useful for testing equality



3. Operator precedence

Note: As in programming languages, “multiplication”, or AND
operation, - , has higher precedence than “addition”, or OR
operation, +

eg, A-B+C-D=(A-B)+(C-D)

but, use of parentheses is always recommended.

More generally, the NOT operation has higher precedence than
AND and OR.

MATLAB has similar order of precedence, from higher to lower:

~I &I l




4. Duality

Every relationship, axiom, equation, or theorem among Boolean
variables X,Y,..., and constants 0 and 1, has a dual obtained by
Interchanging the roles of the AND and the OR operations (i.e.,

Interchanging, * and + ), while also interchanging 0 and 1.

The dual and original relationships are not necessarily equivalent to
each other, but they are both separately valid.

For example, the basic axioms relating 0 and 1 (TRUE and FALSE)
come in dual pairs:

AND OR
0:0=0 1+1=1
1-1=1 0+0=0
0:-1=0 1+0=1
1-0=0 0+1=1




5. Boolean algebra theorems and their duals

one-variable theorems and their duals:

X+0=X X-1=X (identities)

X+1=1 X-0=0 (null elements)
X+ X=X X- X=X (idempotency)
X+ X' = X-X"=0 (complements)

(X)) =X (involution)




two-variable and three-variable theorems and their duals

X+Y=Y+X (commutative)
(X+Y)+Z=X+ (Y +2) (associative)
X-A+X -B=X:-(A+B) (distributive)
X+X-A=X (covering)
X-A+X-A'=X consenslus erm (combining)
X-A+X'-B=X-A+X'-B+A-B (consensus theorem)
X-Y=Y -X duals®  (commutative)
X -Y)-Z2=X-(Y-2) (associative)
(X+A)- X+B)=X+(A-B) +<— (distributive)
X (X +A)=X (covering)
(X+A) (X+A)=X —— M combining)

(X+A) - (X' +B) =(X+A) - (X' +B) - (A+B) (consensus theorem)

see Wakerly/Table 3-3 for n-variable theorems and their duals




Boole/Shannon expansion theorem:

F(X,Y,Z)=X-F(1,Y,Z2) + X" - F(0,Y,Z)
dual l

F(X,Y,Z) = [X + F(0,Y,2)] - [X' + F(1,Y,Z)]

Example:

FIX,Y,2)=X-Y+Y-Z+Z-X
F(,Y,Z) =Y+Y - Z+Z=Y+Z
F(0,Y,2) =Y - Z

F(X,Y,Z) =X - F(1,Y,Z) + X' - F(0,Y,Z) = X - (Y+Z) + X' - (Y - Z)

F(X,Y,Z2) = [X+F(0,Y,2)] - [X' +F(1,Y,2)] =
=[X+(X-2)] [X+Y+Z]

Wikipedia - Boole/Shannon expansion theorem




additional clarification & direct derivation:

=XY+X+X')YZ+ZX
:X(Y+YZ-{—Z)+X1YZ

F(O,Y.2) =YZ

Y+YZ+7Z=Y+YZ+YZ+Z=
=Y1+2)+(Y+1)Z=
=Y+Z




6. De Morgan’s theorems, De Morgan duality De Morgan's laws - Wikipedia

(X Y)Y =X +Y  (NAND)
X+Y) =X Y  (NOR)
X-Y=X+YY (AND)
X+Y= (XY (OR)

Generalized De Morgan theorems — De Morgan duality:

The complement of an expression is the dual of the expression with all
variables replaced by their complements, or, equivalently, the
expression is equal to the complement of its dual with all variables

complemented,
FX,Y,Z,...)" = Fgua XY, Z", ...)
FX,Y,Z,...) = Fyua XY, Z", ..)’



https://en.wikipedia.org/wiki/De_Morgan%27s_laws

De Morgan examples

X+(Y-2)] =X"-(Y' +2)
X -(Y+2) =X +(Y'-2Z)
X+Y+Z)=X'"-Y'-Z
X Y- Z)=X'+Y'+Z

De Morgan duality:

FX,Y,Z)=X+(Y Z), Fuu(XY,Z)=X"(Y+2Z)
FX,Y.Z) ' =[X+(Y-Z)] =X (Y'+Z)=Fy,(X,Y,Z)

F(X,Y,Z)=X - (Y +72), Faa (XY, Z)=X+ (Y Z)
FXY,2)'=[X - (Y+2)]=X"+(Y'-Z')=F 4 XY, Z")




Using De Morgan’s theorems, show that, XOR' = XNOR, defined by,

XOR(X,Y)=X Y +X Y=X+Y) X' +Y jD
XNORX,Y)=X - Y+X - Y=X+Y) - X' +Y) j&

XOR =(X Y + X - Y)
=(X-Y)" - (XYY
=(X'+Y) (X+Y)
=X Y+X Y
= XNOR

or more simply, using De Morgan duality:

XORy,, (X,Y) = (X+Y") - (X' +Y)

note, XOR, XNOR
are invariant under
the substitutions:

X— X
Y —Y'

XOR(X,Y) ' = XOR,,, (X,Y") =(X'+Y) - (X+Y’')=XNOR(X,Y)




7. De Morgan’s theorems for NAND and NOR gates

(X Y)Y =X +Y'
NAND(X,Y) = OR(X',Y’)

Xi 4 X ! 4

NAND NAND equivalent using OR

(X+Y) =X Y’
NOR(X,Y) = AND(X',Y’)

X ' X o 1.\
Yﬂ (X+Y) ’ XY

NOR NOR equivalent using AND




7. De Morgan’s theorems for AND and OR gates

X-Y=(X+Y'
AND(X,Y) = NOR(X',Y")

o XY ” (X' +Y")

AND AND equivalent using NOR

X+Y = (X' - Y'Y
OR(X,Y) = NAND(X,Y’)

X X —o '
Y j}xw Y Hﬁ} (XY

OR OR equivalent using NAND




De Morgan’s laws for sets De Morgan's laws - Wikipedia

The Boolean algebra equivalents of the AND, OR, and NOT operations in
the theory of sets are the Union and Intersection of two sets, and the
Complement of a set.

They can be visualized with Venn diagrams.

=1 X X
-0 X X
complement
X X XY
X+Y < —
— v v
union Intersection



https://en.wikipedia.org/wiki/De_Morgan%27s_laws

De Morgan’s laws for sets

X'’
X
Y
\
N
~X-Y
\%4
X
Y
\
\
(X-Y)
™~ (X‘Y)’:X"l'Y’




De Morgan’s laws for sets

X’
X
Y
TTSX+Y
Y’
X
My
Y
\
\
(X +Y)
A (X+Y) =XV’




8. NAND and NOR universal gates

NAND and NOR gates are universal gates in the sense they can be used to build
any other type of gate — they are preferred in all IC logic families because they
are fast, economical, and easy to fabricate.

X - X) =X’

17

inverter




8. NAND and NOR universal gates

X+X) =X’
(X+O)' =X’ X : X'

X
0

inverter




8. NAND and NOR universal gates

(X-Y)

AND gate

D
YI

(XYY
= X+Y

OR gate




8. NAND and NOR universal gates

(X+Y)’
X— — X+Y - _ X X+Y
Y — Y
OR gate
(X' +Y")'

»

Y’

Xi
Yi

AND gate




9. NAND-NAND and NOR-NOR implementations

10. Bubble-to-bubble transformations, bubble pushing operations

NAND — NAND

B
5 AND - OR
j:>HF:AB+CD AND — DR
c Implementation
5L
bubbles cancel on same line,
A } / double-NOT
B — v
ﬂ} F=(AB) '+ (CD) "’
5L
D ]
De Morgan’s theorem | (X - Y) = X'+ Y’
B -
C } F=((AB)" - (CD)) implementation
D jﬁcm




NAND-NAND realizations
bubble-to-bubble transformations
bubble pushing operations

| F=AB+C

bubbles cancel on same line,

/ double-NOT

.
c o ii::>HF:MByH(Q”

A (ABY De Morgan’s theorem | (X - Y)' = X' + Y’
F=[(AB)y - ©)]




NAND-NAND realizations
bubble-to-bubble transformations
bubble pushing operations

more examples from Wakerly

:){>— +<— sum-of-products (SOP) form

L

bubbles cancel on same line
/
D
D> >
—-: ) ) NAND gate
A/Dev Morgan equivalents

>

L L L

U



NOR—-NOR realizations
bubble-to-bubble transformations
bubble pushing operations

more examples from Wakerly

>
—) >—— )~ +— product-of-sums (POS) form
ED_ bubbles cancel on same line
—
o>
So—>—] )
o>

NOR gate

A Morgan equivalents

-

bo

B8 By

NOR gates



more examples from Wakerly

(a) original

(b) non-standard gate

(c) eliminate non-standard gate
(d) preferred inverter placement

D=

ke

bubble-to-bubble transformations

NAND-NOR realizations

bubble pushing operations

NAND

-

f
\

i

NOR

i
u\



more examples from Wakerly NAND-NAND realizations
bubble-to-bubble transformations

(a) two-level AND-OR bubble pushing operations
(b) two-level NAND-NAND

(c) 2-input gates only

NAND

(a) W_—_ | W-X-Y (b) w_ (W-X-YY

= SDo
J: G J: G

v Y-Z NOR v (Y-2Z)

" » \

NAND

>
v N V.7 De Morgan
), \ /

G=WXY+YZ WXY=(W-X)"- (V)" =((WX)' +Y")




11. Boolean theorem proofs

Proofs of the various Boolean theorems can be given by simply verifying
the truth tables of the two sides of the expressions.

For example, to prove the covering theorem, X+ X - Y =X,
we may evaluate both sides of the expression for all possible values of the
Boolean variables X,Y, making a truth table for each side:

XY XY X+X-Y Alternative analytical proof:
00 0 0 X+X-Y =X-(1+Y)
01 0 0 =X-1

1 0 0 1 =X

1 1 1 1

equal / note, 1+Y =1




As another example, in order to prove the distributive theorem,
X+Y-Z=X+Y) - (X+72)
we construct the truth tables for each side:
XY Z|YZ|X+YZ | X+Y|X+Z|(X+Y) (X+7Z)
000 ] O 0 0 0 0
001 0 0 0 1 0
010, 0 0 1 0 0
011 1 1 1 1 1
100 O 1 1 1 1
101 0 1 1 1 1
110 0 1 1 1 1
111 1 1 1 1 1
|

3-bit binary pattern



Analytical proof of the distributive theorem,
X+Y - Z=(X+Y) (X+2Z)
using the covering theorem, A + A - B = A, and the idempotent theorem,
A-A=A,
X+Y) X+2)=X-X+X-Y+X-Z2+Y-Z
=X+X-Y+X-Z+Y-Z
=X+X ' Y+X-Z+Y-Z

o

=X+X-Z+Y-Z

o

=X+Y-Z




MATLAB proof of the distributive theorem,
X+tY - Z=X+Y) - X+2)

MATLAB code:

[X,Y,Z] = a2d(0:7,3); % generate inputs
F1 = X | (Y&Z); left-hand side

F2 = (X|Y) & (X|2); right-hand side
[X,Y,Z,F1,F2] print columns

o° oP°

o®

HRrKRKrKHOOOO
HFHRrOOKHKROO
HFOKROKORDO
HFRKRrKHKEOODO
FRKRrKHKEOODO




Set-theoretic proof of the distributive theorem, X +Y -Z=(X+Y) - (X+ Z)

X

)

1 <

X

j/

\

_— X+Y

- X+Z




Proofs of the consensus theorems: note: X + X' =

I
X-A+X -B+A-B=X-A+X -B+(X+X)-A- B
—X-A+X-A-B+X -B+X -A-B
=X-A-(14B) + X' - B - (1+A)
=X-A'1+X'-B-1

=X -A+X'- B
dual

(X+A)(X'+B) (A+B)=(X X" + XB + X" A + AB)(A+B)

=(XB + X' A+ AB)(A+B)
= XB(A+B) + X’ A(A+B) + AB(A+B)

note; AA=A — =X(BA+BB)+ X' (AA+AB) + AAB+BBA
= X(BA+B) + X' (A+AB) + AB+BA

note: A+1=1 — =XB(A+1)+X"A(1+B) + AB
=XB+X'A+AB

note: XX'=0 — =XX'+XB+X' A+AB
= (X+A) - (X' +B)




X"

% Set-theoretic proof
N A of the consensus theorem
B
X
A
B
B
X
B A
B
\

T

X A+X'-B+A-B=X-A+X'-B




12. Algebraic simplification of combinational logic expressions

Next, we discuss a few examples of using the Boolean properties and
theorems to simplify logic expressions.

Simplification leads to more efficient implementations requiring fewer
logic gates.

Although, the theorems can always be used to simplify an expression, a
much better and easier approach is through the use of Karnaugh maps
(K-maps) — they will be discussed in detail later on.

An additional requirement in designing logic circuits is the
minimization of propagation delays through the various stages (or,
levels) of the realization.

It should be noted, however, that minimizing the number of logic gates
does not necessarily guarantee shorter propagation delays.




Nomenclature

literal: a single Boolean variable, e.g., X
product term:  a product of variables, e.g., XZ
sum term: a sum of variables, e.g., Y+Z

minterm: a product of input variables corresponding to a row in truth table
e.g., XY'Z, corresponding to row 101 =5

canonical SOP: canonical minterm sum-of-products, e.g., Xy y»(0,3,4,6,7)
minterm list :  list of row numbers that appear in a canonical SOP

maxterm: a sum of input variables, e.g., X+Y'+Z,
corresponding to the complement of a row in the truth table

canonical POS: canonical maxterm product-of-sums, e.g., Iy y»(1,2,5)

maxterm list :  list of row numbers that appear in a canonical POS

to be explained further later on




Nomenclature

Implicant: a minterm or sum of minterms appearing in a function F,
If an implicant evaluates to 1, then so does F as a whole,
l.e., If, implicant=1, then it implies, F=1

prime implicant: asimplified implicant that cannot be combined into another
implicant that has fewer number of literals.

covers: all implicants that account for all possible evaluations of the
function into F=1 (i.e., all the 1’s in a Karnaugh map).

essential prime implicant: a prime implicant that contains an F=1 minterm
that is not included in any other prime implicant,

all essential prime implicants must be included in the
cover of the function.

In addition to the essential Pls, it may be necessary to include possible non-
essential Pls in order to achieve a complete cover, (if there are several such
possibilities, one could choose the one that has the smallest number of literals.




Nomenclature

Sum-of-Products (SOP) rule:

F is the sum of those minterms that correspond
to the values F=1 in the truth table

Notation: F = 2(of the F=1 minterms) = canonical sum-of-products

as indicated by the row numbers in the truth table

Product-of-Sums (POS) rule:

F is the product of those maxterms that correspond
to the values F=0 (or, F’' =1) in the truth table

Notation: F =II(of the F=0 maxterms) = canonical product-of-sums

as indicated by the row numbers in the truth table




Truth-table representations with minterms or maxterms

3-variable logic function F(X,Y,Z)

row| X Y Z F minterms maxterms
0 |0 0 0| F(0,0,0) X Y7 X+Y+Z
1 /0 0 1| F(0,0,1) X -Y'-Z X+Y+Z
2 |0 1 0| F(0,1,0 XY -7 X+Y' +7Z
310 1 1] F01,1) XY -Z X+Y' +27
4 11 0 0 | F(1,0,0 X-Y'-Z X' +Y+Z
511 0 1] F(1,0,1) X-Y'-Z X' +Y+Z
6 |1 1 0| F(1,1,0 X-Y-Z X' +Y' +7Z
7 11 1 1]F@11,2) XY Z X' +Y'+Z7

~_

complements of each other
by De Morgan




12. Algebraic simplification of combinational logic expressions

Example 1: Prove the dual results,

X+X-Y=X+Y
X-(X'+Y)=X" Y

Proof: Using, A+ A’ =1, and the distributive property:

A+B-C=(A+B) - (A+C)

with, A= X, B =X', C =Y, we have,
X+X-Y=(X+X") - (X+Y)=1" (X+Y)=X+Y
For the dual, we simply multiply the terms out,

X-(X'+Y)=X- X' +X-Y=0+X-Y=X-Y




Example 2: Truth table of multiplexer function from Unit-1

Z=S-A-B+S-A-B+S-A""B+S-A-B
=S"-A-(B'+B)+S-(A’+A)-B

=S'"-A-1+S-1-B minterm SOP
— S, ‘ A+ S : B Z — ZS’A,B(2s31517)
rows | S A B Z A 1
0 |0 0 [ ; V4
1 |0 1 B ——~
S"-A-B" 2 |0 0 S
S’ -A*B 3 0 | A o~ Dﬁ" S
4 L iy . -
S‘A’-B 5 P 19 U1
6 |0 1 }
B
S-A-B 7 |l 3 us  |S-



Example 2: Truth table of multiplexer function from Unit-1
Z'=S"-A'""B'+S"-A'-B+S-A""B'"+S-A-B’ l De|Morgan
| | Z=(S+A+B) - (S+A+B’) - (S+A+B) - (S'+A'+B)
CODIG | (). (SB) =S -A+S-B+A-B
l consensus
=S'"-A+S-B
sam 0 0 0 0 1| 0 e —
S AB 0 0 I 0 1 1 minterm SOP
TR i 0 ) L =%5ap(2,35,7)
0k 7 1 0 3
s-AB | 0 0 0 1| 4 A x
T ) I 1 0 5 ' VA
sa® 1 1 0 0 1| 6 B—"
1 1 1 1 0] 7 S



Example 2: Truth table of multiplexer function from Unit-1

Karnaugh map (K-map) simplification (to be discussed in detail later on)

Z=S"-A-B'+S"-A-B+S-A'"B+S-A-B
=S'"-A+S-B=S""A+S-B+A-B
S A.'B Z \
0 0 0 0 “ hon-essential P,
consensus term
6 o ¥ @ AB
5 % B l S~ 00 01 11/10 Y
S'-A-B' 1 S
( Zl R i
s"“A-B 0 1 | 1 0 D essential Pl
I 0 i 0 1 @ \up
ssAB 1 0 1 1 / blue areas indicate
S-B a complete cover
1 1 4 0
essential Pl




Example 3: For the truth table given in Table 3-5 of the Wakerly text,
demonstrate the equivalence of the following expressions for F as a function of
the Boolean variables X, Y, Z,

truth table| (1) F=XY'Z' + XY'Z' + XYZ + XYZ + XYZ'
XYz | F (2) F=Y'Z'+YZ+ XYZ'

minterm SOP
(3) F=Y'Z'+YZ + XZ (sum-of-products)
(4) F=Y'Z' +YZ+ XY literals,
product terms

) F=YZ'+YZ + XZ'+ XY maxterm POS
’_T (product-of-sums)

6) F=(Y+Z)X +Y'+2)

HHEHHRKROOOO
HHFOORKRHKOO
HOHORKROKRO
RFHRPROKRROOR

(7)) F=(X+Y+Z)X tY' +2)(X' +Y +Z)

In particular, given (1) use the theorems to
demonstrate the equivalence of (2)-(7) to (1).




1)—(@2)
F=X'Y'Z'+XY'Z'+XYZ+XYZ+XYZ'
=(X'+X)Y'Z'+ (X' + X)YZ + XYZ' =Y'Z' + YZ + XYZ'

(1) —(4)
F=XYZ +XY'Z + XYZ+XYZ+ XYZ
=XYZ'+ XY'Z' '+ XYZ+ XYZ+ XYZ + XYZ'
= (X' +X)Y'Z + (X' +X)YZ + XY(Z + Z')
=Y'Z' +YZ + XY

duplicated




1)—(@2)
F=X'Y'Z'+XY'Z'+XYZ+XYZ+XYZ'
=(X'+X)Y'Z'+ (X' + X)YZ + XYZ' =Y'Z' + YZ + XYZ'

(2)—@3) distributive | X + A B = (X+A) - (X+B)

F=Y'Z'+YZ+ XYZ' /
=Y'+XY)Z'+YZ=('"+ X)(Y'+Y)Z'+YZ
=(Y'+X)Z' +YZ=Y'Z +YZ+ XZ'

(2) —(4)
F=YZ'+YZ+ XYZ'
=Y'Z' +Y(Z+XZ)=Y'Z +Y(Z+X)(Z+Z)
=Y'Z' +Y(Z+X) =Y'Z'+YZ+ XY

distributive

CcONsSensus

(3)— ()
F=YZ'+(YZ+XZ)=Y'Z +(YZ+XZ' +XY)




truth table justification of Eq.(7)
from the truth table

XY Z F F’

F=XY'Z +XY'Z +XYZ+XYZ + XYZ'
t

minterm SOP for F
(sum-of-products)

PFHrKREREROOOO
PFHrROORHKEOO
HORORORO
MFHRrOHKHROOHK
OCOHOOKKHO

minterm SOP for F'

(sum-of-products)

maxterm POS for F
(product-of-sums)

F=XYZ+XYZ +XY'Z l De Morgan

F=(X+Y+Z)X +Y'+2)(X'+Y+Z)  Eq.(7)




Karnaugh map examples — 1

(to be fully explained later on)

Previously (in Example 3) we considered the simplification of the truth
table function given in Table 3-5 of the Wakerly text, and demonstrated the
equivalence of the following expressions for F as a function of the Boolean
variables X, Y, Z,

(1) F=X'Y'Z +XY'Z +XYZ+XYZ+ XYZ'

truth table (2) F=Y'Z'+YZ+ XZ' —p.64, gate-level realizations
XY 2 F 3) F=YZ'+YZ+ XY
000 1 XY blue areas indicate
001 |0 7 00 01 11 10 a complete cover
010 0
0| 1 LI 1) ™

011 - [ ] Y'Z' essential Pl
100 1 1 ik
101 0 [ ] X7 -
1 1 (])_ 1 . essential Pls, must include

essential PI 'Y'Z' 'XY «— gither for a complete cover

one is essential, the other not



12. Algebraic simplification of combinational logic expressions

Example 4: For the truth table given below [ref. A. F. Kana, on Canvas],
show the equivalence of the following expressions for F as a function of
the Boolean variables X, Y, Z,

truth table
XY Z F

Pk RrRPREOOODO
P RPOORKRRHRKER OO
P OPRPRORKRRORDO
P RPRRPORKROODO

(1) F=X'YZ+ XY'Z+ XYZ + XYZ
(2) F=X'YZ + XY'Z + XY
(3) F=X'YZ + XZ + XYZ'
(4) E=YZ+ XY'Z +XYZ'

(5) F=XY+YZ+ XZ

In particular, given Eq.(1) use the theorems to

demonstrate the equivalence of Eqgs.(2)-(5) to Eq.(1).




(1) — (2) F=XYZ+XY'Z+XYZ +XYZ
= X'YZ + XY'Z + XY(Z' + Z) = X'YZ + XY'Z + XY

(1) — (3) F=X'YZ+XY'Z+XYZ +XYZ
= X'YZ + X(Y' +Y)Z + XYZ' = X'YZ + XZ + XYZ'

(1) —(4) F=XYZ+XY'Z+XYZ +XYZ
= (X' +X)YZ + XY'Z+XYZ' =YZ+ XY'Z + XYZ'

(2) — (5) F=XYZ+XYZ+XY=XYZ+X(Y+YZ)
=XYZ+X(Y+Y)NY+2)=XYZ+ X(Y +2)
=X'YZ+ XY+XZ=Y(X+X'Z) +XZ
=YX+ X)X+Z)+XZ=Y(X+2Z)+XZ
= XY +YZ+ XZ




(1) — (5) , alternative method, duplicate XYZ and

o, , , use the property
F=XYZ+XYZ+XYZ +XYZ A+A+AzA

= X'YZ+ XYZ + XY'Z+ XYZ + XYZ' + XYZ
= (X' + X)YZ + X(Y' + Y)Z + XY(Z' + Z)

=YZ+ XZ+ XY




Example 4 — K-map method (to be fully explained later on): For the truth
table given below [ref. A. F. Kana], show the equivalence of the following
expressions for F as a function of the Boolean variables X, Y, Z,

truth table
XY Z F
000 | O
1 oo0o1 | o0
010 | O
011 |1
100 | O
101 |1
110 |1
111 |1

(1) F=X'YZ+ XY'Z+ XYZ + XYZ

(5) F=XY+YZ+ XZ

XY blue areas indicate
7 o0 01 11 10 a complete cover

0 m

1 (1 [[a])] 1k Xz

YZ XY

all three are essential PIs



12. Algebraic simplification of combinational logic expressions

Example 5: Provide two proofs of the equivalence of the following
two expressions:

F=X'Y+XY'+ XY
F=X+Y

Method 1: F=XY+XY' '+ XY=XY+X(Y'+Y)=
= XY+ X=X+Y (fromExample 1)

Method 20 F = X'Y + XY' + XY replicate XY
~—— | using the property
= XY + XY+ XY + XY = A+A=A

=(X'+X)Y + X(Y'+Y)
=X+Y




Example 6: Show the equivalence of the following two 4-variable
expressions [ref. A. F. Kana],

F=A'BC'D + A'BCD + ABC'D'+ ABC'D + ABCD + ABCD' + ...
+ AB'CD + AB'CD’

F=BD +AB +AC

Proof: F=A'BC'D+A'BCD + ABC'D'+ABC'D + ABCD + ABCD’ + ...
+ AB'CD + AB'CD’

=A'B(C'+C)D + ABC'D' + AB(C'+ C)D + ABCD' + ...
+AB'CD +AB'CD" 7

= A'BD + ABC'D' + ABD + ABCD’ + AB'CD + AB'CD’

= (A" +A)BD + AB(C' + C)D’' + AB'C(D + D)

=BD + ABD'+ AB'C =B(D + AD’) + AB'C

=B(D +A)(D + D)+ AB'C =B(D+A) + AB'C =BD +AB + AB'C

=BD +A(B + B'C)=BD +A(B + B")(B+ C) =BD +A(B + C)

=BD +AB + AC

see next page for simpler K-map method




Karnaugh map examples — 5

(to be fully explained later on)

F=BD+AB +AC

Previously (in Example 6), we showed the equivalence of the following two
4-variable expressions [ref. A. F. Kana],

F=A'BC'D+A'BCD + ABC'D' + ABC'D + ABCD + ABCD' + AB’CD + AB'CD’

AB
AB
CD 00 01 11/ 10 all three are essential Pls
00 1
> | blue areas indicate
\ a complete cover
01 1 1 BD
s A
11 \1 1/) 1 AC implicant example
0 ] ] if AB = 1, then, A=1, B=1, A'=0, B'=0
F=CD'+CD+CD+CD'

— (C+CYD+D) =1 -1=1




13. Combinational circuit truth-table synthesis example

Example 3, continued: Previously (p.52), we demonstrated the equivalence of the
following expressions for F as a function of the Boolean variables X, Y, Z,

F=XY'Z' +XY'Z + X'YZ + XYZ + XYZ' truth table
F=Y'Z' +YZ+XZ XY 2 | F

As a first synthesis example, we wish to realize the
second relationship by means of logic gates, and on the
Emona board, and simulate it in MATLAB and Simulink,
generate the given truth table and a timing diagram, and
observe the input and output signals on a scope,

and plot them in MATLAB.

The following files are on Canvas Resources, and may be
used as templates for future examples:

table35m.m, MATLAB m-file for the truth table and plotting
table35s.sl1lx, Simulink file,
table35v.v, Verilog code generated by Simulink

HHEHHRRKROOOO
HHFOORHEKEODO
HFOHRORORO
HPFHRORROOR




F=Y'Z'+YZ+ XZ'
AND — OR realization

» D

AND
X }
ZI
AND
T
Z’
> 7' AND
Y

N

D

OR




Emona board realization

BINARY SELECT INVERTERS SELECT DUAL SELECT TRIPLE
COUNTER AND OR

AL O—DO_O {_ﬁ—}q
50 o—[ %0-0
50 0~Dc»o

(I)O
(o]

JDU mV 12.50 kHz
0.00 mV_25.00 kHz
*Dﬂim‘l 50.00 kHz
0.00 mV 25.00 kHz

:

ChB b
@DC @Normal -
x o NN

h

® ChC [4Vidiv
. DC Normal
- & &
AC A-C
Dark

SELECT SELECT SELECT SELECT

F=Y'Z'+YZ+XZ
AND — OR realization

@RE“ D 4V/div v ‘

Gauss

@ " & e CEHEE 110 0|1
S AC A

|




NAND

g

NAND

y

NAND

X
,
.
B
Pz
Y

N

F=Y'Z'+YZ+ XZ'
F=((YZ) (YZ) (XZ) )
NAND — NAND realization

NAND

} F
>N)‘e Morgan equivalents



Y!

ZI

OR

F=(Y+Z)X+Y'+2Z)

simplified POS realization
OR — AND realization

see next page for explanation

AND




truth table

*re F F minterm SOP form for F,

000 | 11| o0 from the truth table

001 0 1

010 0 1 F=XYZ +XY'Z' + XYZ+XYZ+ XYZ'
011 1 0

100 1 0

101 0 1

110 L 0 minterm SOP form for F',

111 1 0 from the truth table

v
F=XYZ+XYZ +XYZ=(X+X)YZ+XYZ =Y'Z+XYZ

F=(Y+Z)(X+Y'+2) | De Morgan

simplified POS realization




14. MATLAB/Simulink implementations, and exporting to Verilog

F=Y'Z'+YZ+ XZ'
AND-OR realization, F-function re-drawn with Simulink

D

X




F=Y'Z' +YZ+XZ'

F-function embedded in executable Simulink realization

plot
X,Y,Z,F

signals

generate X
X,Y,Z signals for x ]
timing diagram y

—y

Scope

timeseries

Signal Builder

F_function

/

F-function resides within this block
and can be exported to Verilog

structure

to workspace

A

MUX

data type conversion
boolean to double T

needed for exporting X,Y,Z,F
data to MATLAB’s workspace




Verilog code generated by Simulink — file table35v.v

module table35v (x, y, z, F);
input x, y, z, F;

wire z 2; wire z 3; wire x 1;
wire y 2; wire y 3; wire y 4; wire y 5;

wire xz outl;

assign z 2 = ~ z; y
assign z 3 = z 2; 4”‘
assign x 1 = x & z 3; o
assign y 2 = ~ y; ' :
assign y 3 =y 2; I
assign y 4 =y z 3; C—

5 :

OR

&

assign y Z;

assign xz out y5 1| (x1 ] y4);
1

assign F = xz outl;

endmodule




F=YZ +YZ+ XZ' viewing timing diagram on scope

verify truth table

=10lx]

20 a<« i 0% 068§

truth table
XY Z F

HFRrRRKROOODO
FROORHKERODO
HFORORORDO
FRrORROORR




%% table35m.m - generating the truth table

[X,Y,2] =
F =
[X,Y,2,F]
5 X Y Z
$ 0 0 O
$ 0 0 1
$ 0 1 O
$ 0 1 1
£ 1 0 O
$ 1 0 1
$ 1 1 O
1 1 1

(~Y & ~Z2)|(Y & 2) | (X & ~2); %

a2d(0:7,3) ; % 3-bit binary pattern
construct output F

% print truth table

F MATLARB version of
. F=Y'Z'+YZ+XZ
0 : :

0 the operations & and | are vectorized
1

1

0

1

1




o°

plot timing diagram

t = (0:8); % last bit has duration from t=7 to t=8
x = [X; X(end)]; % extend duration of last bit
y = [¥; Y(end)];
z = [Z; Z(end)];
f = [F; F(end)];

set (0, 'DefaultAxesFontSize',10) ;

figure; % xaxls, yaxis are on Canvas M-files
subplot(4,1,1);

stairs(t,x,'b-'); yaxis(0,2,0:1); xaxis(0,8,0:8);
subplot(4,1,2);

stairs(t,y, 'b-'); yaxis(0,2,0:1); xaxis(0,8,0:8);
subplot(4,1,3);

stairs(t,z,'b-'); yaxis(0,2,0:1); xaxis(0,8,0:8);
subplot(4,1,4);

stairs(t,f,'r-'); yaxis(0,2,0:1); xaxis(0,8,0:8);
xlabel ('\itt') ;




timing diagram

Lo
Co
Lo
-




o

plot timing diagram from saved simulation data
extracted from the timeseries structure S

o®

t = S.time;

x = S.data(:,1); generating a better plot of the

y = S.data(:,2); timing diagram, than from the

z = S.data(:,3); scope plot

F = S.data(:,4);

figure; % xaxis,yaxis are on Canvas M-files

subplot(4,1,1);

stairs(t,x,'b-’'); yaxis(0,2,0:1); xaxis(0,8,0:8);
subplot(4,1,2);

stairs(t,y, 'b-’'); yaxis(0,2,0:1); xaxis(0,8,0:8);
subplot (4,1, 3);

stairs(t,z,'b-’); yaxis(0,2,0:1); xaxis(0,8,0:8);
subplot(4,1,4);

stairs(t,F,'r-'); yaxis(0,2,0:1); xaxis(0,8,0:8);
xlabel ('\itt"')




timing diagram from Simulink data exported to workspace

X

1 2 3 4 5 6 7 8
y

1 2 3 4 5 6 7 8
Z

1 2 3 4 5 6 7 8




Additional notes on Simulink

click here to open
Simulink Library

set simulation duration to
8 time units

File Edit View Display Eiagram Simulation Analysis Code Toc:—! Help

v

vy o Gl @ YyE Y <G )b (= -vlg INGrmaI El @ =
table35 |

© |Paltable35 »

2k

E 8-

= < -‘

»

Scope

timeseries

Signal Builder

structure

to workspace

F_function

data type conversion MUX
boolean to double



click here to open scope parameters and select
4 axes (for X,Y,X,F) and time range of 8 units

IR EREELIEE




drag the signal edges to change the shape of the signals

) Signal Builder (tahle35/Signal Builder) - |I:I|i|
File tdit Groyp Signal Axes Help

SEN BB o o [—= R& | FREE» 1 o= | 3 F][

double-click on the Signal heive Grovg: o N
Builder block to view the
signals X,Y,Z over the time
range of 8 units

o] =| =]

|

Signal Builder

T

can also be preloaded by
copy/pasting from the file
signals234.slx on Canvas Pl

Name: Ix T: I T: I
Index: I‘l 'I Y: I f: I

Click to select, Shift+click to add | x (#1) [ YMin YMax ]

¥ {shown)
z {shown)




before exporting into Verilog, save the subfunction

Into a separate SLX Simulink file, then set the data | | select Code, then HDL code,
types of the input/output ports to Boolean Options, and Verilog

File Edit View Display [Jiagram Simulation Analysis Code Tools Help

table35v | /

Y = /: G Y=Y <G -\’\Ia [Normal & v|iiw

© |Faltable35v /

Q /

E3l

— C1)

X
y

20—,
y 1

Z




15. Standard representations of combinational circuits

truth table representations

3-variable F(X,Y,Z)

X
<
N

row F

2-variable F(X,Y)
row| X Y F

0 |0 0] FO,0)

110 1| FO,1

2 |1 0| F(1,0

311 1] F1,1)

o
o

F(0,0,0)
F(0,0,1)
F(0,1,0)
F(0,1,1)
F(1,0,0)
F(1,0,1)
F(1,1,0)
F(1,1,1)

~N o o b W N R, O
P P P P O O O
P, P O O Lk L, O
R, O b O Fk O L O

binary
order



row | A B C D F

O |0 0 0O F(0,0,0,0)
1 |10 0 01 F(0,0,0,1)
2 (0 01 O F(0,0,1,0)
3 |0 01 1 F(0,0,1,1)
4 10 10 O F(0,1,0,0)
5 (0 10 1 F(0,1,0,1)
6 (0 11 O F(0,1,1,0)
7 10 111 F(0,1,1,1)
8 (1 00 O F(1,0,0,0)
9 (1 00 1 F(1,0,0,1)
10 |1 01 O F(1,0,1,0)
11 (1 01 1 F(1,0,1,1)
12 |1 1 0 O F(1,1,0,0)
13 |1 1 0 1 F(1,1,0,1)
14 |1 1 1 0 F(1,1,1,0)
15 |1 11 1 F(1,1,1,1)

4-variable function F(A,B,C,D)




Truth-table representations with minterms or maxterms

3-variable F(X,Y,Z)

row| X Y Z F minterms maxterms
0 |0 0 0| F(0,0,0) X Y7 X+Y+Z
1 /0 0 1| F(0,0,1) X -Y'-Z X+Y+Z
2 |0 1 0| F(0,1,0 XY -7 X+Y' +7Z
310 1 1] F01,1) XY -Z X+Y' +27
4 11 0 0 | F(1,0,0 X-Y'-Z X' +Y+Z
511 0 1] F(1,0,1) X-Y'-Z X' +Y+Z
6 |1 1 0| F(1,1,0 X-Y-Z X' +Y' +7Z
7 11 1 1]F@11,2) XY Z X' +Y'+Z7

~_

complements of each other
by De Morgan




Truth-table representations with minterms or maxterms

2-variable F(X,Y)
row| X Y F minterms maxterms
0 |0 0 | F(O0,0 XY X+Y
1 /0 1 | F(O,1) XY X+Y'
2 11 0 | F(1,0 XY’ X' +Y
3 11 1 | F(1,1 XY X' +Y'

~_

complements of each other
by De Morgan




Example 3, continued: Previously, we demonstrated the equivalence of the
following expressions for F as a function of the Boolean variables X, Y, Z,

F=XY'Z'+XY'Z + X'YZ+XYZ+ XYZ" = (sum of minterms, SOP)
F=(X+Y+Z)X+Y' +Z2) (X' +Y +Z)

(product of maxterms, POS)

They were based on the truth table shown on the right | truth table

(Table 3-5 of the Wakerly text) XYZ | F

To understand these expressions, we expand the truth
table to also include the complement of F, that is, F’,
obtained by interchanging Os and 1s in the F column.

HHHRRKROOOO
HHOORHEKERODO
HFOHRORORO
PFHRORRKROOR




F=XY'Z+XYZ+XY'Z +XYZ' +XYZ (minterm SOP, sum-of-products)
F'=XYZ+XYZ +XY'Z (minterms of F' from truth table)
F=F'=(XYZ+XYZ +XYZ) = (XYZ) (XYZ)(XYZ) +~—

De Morgan
F=(X+Y+Z)(X+Y' +Z2) (X' +Y +Z") (maxterm POS, product-of-sums)

truth table

XY Z F F’ | F minterms F/ minterms F maxterms
000 1 0 X'Y"Z'
001 0 1 X'Y'Z X+Y+Z'
010 0 1 X'Y Z' X+Y' +2Z
011 1 0 X'Y Z De Morgan
100 1 0 X Y'Z' >
101 0 1 X Y'Z X' +Y+Z'
110 1 0 XY Z'
111 1 0 XY Z

(maxterms of F = (minterms of F’ )’




16. Canonical minterm/SOP and maxterm/POS representations

Sum-of-Products (SOP) rule:

F is the sum of those minterms that correspond
to the values F=1 in the truth table

Notation: F = 2(of the F=1 minterms) = canonical sum-of-products

as indicated by the row numbers in the truth table

Product-of-Sums (POS) rule:

F is the product of those maxterms that correspond
to the values F=0 (or, F’' =1) in the truth table

Notation: F =II(of the F=0 maxterms) = canonical product-of-sums

as indicated by the row numbers in the truth table




Example:

F=XY'Z'+ XYZ+XY'Z + XYZ'+ XYZ = ZX,Y,Z(O’3’4’6’7)
equivalent

F=(X+Y+Z)(X+Y'+2) (X' +Y +Z) =11y y,(125)

truth table
XY Z F

N
0
2
g

Jdoodh WN RO
HFRrRRRPROOOO
HFRrROORKEROO
HFORORORO
FRrORROOHR
OORrROOKR RO

how does it work? —



XY Z| F | minterms | X'Y'2’" | X'Y Z | X Y'Z'"| XY 2'"| XY
0001 X'Y"Z' 1 0 0 0 0
0010 0 0 0 0 0
010|0 0 0 0 0 0
0111 X'Y Z 0 1 0 0 0
1 001 X Y'2Z' 0 0 1 0 0
1010 0 0 0 0 0
110|1 XY Z' 0 0 0 1 0
1111 XY Z 0 0 0 0 1

F = OR’ing these five columns together

F=XY'Z'+XYZ+XY'Z' + XYZ' + XYZ

[x,y,2] = a2d(0:7,3);

[x, v,

z, ~X&~yé&~z,

~X&Y&Z, X&~Y&~Z, X&Y&~Z, X&Y&Z]




XY Z| F | maxterms | X+Y+Z' | X+Y' +2Z X' +Y+Z’
0001 1 1 1
001| 0 X+Y+2Z' 0 1 1
010|0 X+Y' +2Z 1 0 1
011)|1 1 1 1
1 00]|1 1 1 1
1 01| 0 X' +Y+Z' 1 1 0
110)|1 1 1 1
111)|1 1 1 1

N

F = AND’ing these three columns together

F=X+Y+Z)X+Y+Z2) X' +Y+2Z)

[x,y,2] = a2d(0:7,3);

[x, v, z, x|yl~z, x|~ylz, ~x|yl|~2]




Nomenclature

literal: a single Boolean variable, e.g., X
product term:  a product of variables, e.g., XZ
sum term: a sum of variables, e.g., Y+Z

minterm: a product of input variables corresponding to a row in truth table
e.g., XY'Z, corresponding to row 101 =5

canonical SOP: canonical minterm sum-of-products, e.g., Xy y»(0,3,4,6,7)
minterm list :  list of row numbers that appear in a canonical SOP

maxterm: a sum of input variables, e.g., X+Y'+Z,
corresponding to the complement of a row in the truth table

canonical POS: canonical maxterm product-of-sums, e.g., Iy y»(1,2,5)

maxterm list :  list of row numbers that appear in a canonical POS




Nomenclature

Implicant: a minterm or sum of minterms appearing in a function F,
If an implicant evaluates to 1, then so does F as a whole,
l.e., If, implicant=1, then it implies, F=1

prime implicant: asimplified implicant that cannot be combined into another
implicant that has fewer number of literals.

covers: all implicants that account for all possible evaluations of the
function into F=1 (i.e., all the 1’s in a Karnaugh map).

essential prime implicant: a prime implicant that contains an F=1 minterm
that is not included in any other prime implicant,

all essential prime implicants must be included in the
cover of the function.

In addition to the essential Pls, it may be necessary to include possible non-
essential Pls in order to achieve a complete cover, (if there are several such
possibilities, one could choose the one that has the smallest number of literals.




17. Combinational circuit analysis — Example 1

Previously (in Example 3) we looked at a combinational circuit synthesis
problem, in which the circuit was defined by a truth table, and we
synthesized it in several equivalent ways using logic gates.

Here, we look at an analysis example of a circuit constructed in terms of logic
gates, as shown below, the objective being to determine its input/output
function, F=f(X,Y,Z), and its truth table, construct its timing diagram, and
additionally, realize it in alternative ways.

X IY_X o Wakerly, Fig.3-8
4 O\ (X+Y)-Z
z L/
- N N\ F=((X+Y)-2) +(X'-Y-2Z)
>C O\ X.Y.Z L
>c = — procedure: assign labels to the

circuit lines and implement the
indicated logic gate operations
F=(X+Y")Z+X'YZ' =XZ+Y'Z+ X'YZ from the inputs to the output.




F=X+Y"Z+X'YZ
F=X7Z+Y'Z+ X'YZ'
alternative realization based

on the second expression

F=X-Z+Y:-Z+X:Y:Z

) N
— ) A

F=X7Z+Y'Z + X'YZ'
NAND-NAND realization
after bubble pushing

=D

\\\ NAND

=S




F=XZ+Y'Z+X'YZ" truthtable

Y
i

= X

L4 Nod 2 X Yid

¥\ Z — o F
—]

1

truth table

row | X Y 2 F

Wakerly, Table 3-7

Soor bk WDN R O

P RrRFRPRPROOODO
P RPRPOORKFRPKF OO
P OPRPRORKRRORLRDO
P OPRPROOHRKRHRKREO




MATLAB implementation

[X,Y,Z] = a2d(0:7,3) ; % 3-bit binary pattern

F=(X&2) | (~Y &§2) | (X &Y & ~2); % output F

[X,Y,Z2,F] 1 $ collect X,Y,Z,F for printing
% print truth table

$ XY ZF

$ 00O00O

$ 0011

S 0101 MATLAB code for

S 0110 F=XZ+Y'Z+ X'YZ'

$1000 the operations & and | are vectorized

$ 1011

$ 1100

$1111




Verilog implementation

module Acirclf (
input X,Y,Z, Verilog code for
wire XN, YN, ZN, XYN, XYNZ, XNYZN, F= (X + Y’)Z + X'YZ'
output wire F

) ;

assign XN = ~X; assign ¥YN = ~Y; assign ZN = ~Z;
assign XYN = X | ¥YN; assign XYNZ = XYN & Z;
assign XNYZN = XN & Y & ZN; assign F = XYNZ | XNYZN;

endmodule X ——
XYN

YN

e

—:>C XN 3
:>C ZN

© 2018 Pearson Education, J. F. Wakerly, Digital Design Principles and Practices, 5/e

XNYZN




F=XZ7Z+Y'Z+ X'YZ' - timing diagram

truth table

F

0
1

0
0

0
0

00
0

1
1

1

row | X Y Z




F=XZ+Y'Z+ X'YZ' - MATLAB code for timing diagram

t =10:8;

oP

see p.98 for definitions of X,Y,Z,F

X = [X; X(end)]; % replicate last entries

Y = [Y; Y(end)];

Z = [Z; Z(end)];

F = [F; F(end)]; % t,X,Y,Z now have length 9
figure;

subplot(4,1,1);

stairs(t,X,'b-"'); yaxis(0,2,0:1); xaxis(0,8,0:8) ;
subplot(4,1,2);

stairs(t,Y,'b-'); yaxis(0,2,0:1); xaxis(0,8,0:8) ;
subplot(4,1,3);

stairs(t,Z,'b-"'); yaxis(0,2,0:1); xaxis(0,8,0:8) ;
subplot(4,1,4);

stairs(t,F,'r-'); yaxis(0,2,0:1); xaxis(0,8,0:8) ;
xlabel ('\itt')




F=X+YZ+X'YZ
alternative representation based on product-of-sums
F=X+Y+Z") (X+Z) (Y+2Z) = (X+Y+Z) (X+Y'+Z") (X' +Y+Z) (X'+Y'+Z)

It is actually a simplified version of the canonical maxterm expansion, but a
direct proof is as follows:

Using the ordinary distributive law, (X+A)(X+B) = (X+AB), we obtain the
more general version of the distributive law,

(AB+CDE)=(A+C)(A+D)(A+E)(B+C)(B+D) (B +E)

and apply it with, A=X+Y', B=Z, C=X', D=Y, E=Z/, and note that, X+1 =1,
X+X'=1,

F=(X+Y")2Z+X'YZ
=X+Y+X)YX+Y'+Y)X+Y'+ZYZ+X)(Z+Y)(Z+Z)
=(1+Y)X+1D)X+Y'+Z)YZ+X)(Z+Y) 1=
=X+Y'+Z2Z)X'+2)(Y+Z)




Proof of the generalized distributive law:
(AB+CDE)=(A+C)(A+D)(A+E)(B+C)(B+D)(B+E)
apply the ordinary distributive law, (X+A)(X+B) = (X+AB), in stages:

AB + CDE = (A + CDE) (B + CDE)

=(A+C)(A+DE) (B+C) (B + DE)
=(A+C)(A+D)(A+E)(B+C)(B+D)B +E)

Next, we look at the minterm / maxterm canonical expansions
of this example, and their simplifications




minterm / maxterm representations

truth table
XY Z F F’ | minterms maxterms
00O 0 1 X+ Y + 2
0 01 1 0 X'Y'"Z
010 1 0 X'Y Z'
011 0 1 X + Y+ Z7
1 00 0 1 X'+ Y + 2
1 01 1 0 X Y'Z
110 0 1 X'+ Y+ 2Z
111 1 0 XY Z

F=XY'Z+X'YZ +XY'Z+XYZ =minterm SOP

F=X+Y+2)X+Y'+Z)X'+Y+2Z)X' +Y'+Z) =maxterm POS




minterm / maxterm simplifications

minterms:
F=XYZ+XYZ'+XY'Z+XYZ =XY'Z+XYZ +XY'Z+XY'Z+XY”Z
= X'+ X)YZ+XYZ +X(Y+Y")Z= T
=Y'Z+X'YZ' + XZ

replicated

maxterms:
F=(X+Y+Z)(X+Y +Z) (X' +Y+Z) (X +Y'+2)/=

=(X+Y+Z2)(X+Y'+ZVX'+Y+2) X' +Y+Z) (X' +Y'+ 2)
=X+Y+2)X'+Y+2) (X +Y+2) (X' +Y' +2Z2) (X+Y'+Z))

= (Y + Z) (X’ + Z) (X +Y'+ Z') property: (Y + A)(Y '+ A) = A




X —

product-of-sums form
using maxterms (OR-AND)

F=(X+Y+Z)-(X+2)-(Y +2)

%
|/

sum-of-products form
using minterms (AND-OR)

— A N FeRZ 4V Za W VT
— 7

:>x}_;i3:::> X3 Y 4. 2
-
X +Z
>Ol|7_/
Y Y+Z
7 )/
X N\ X
J
”
¥ :>C LT\ V.
-
>OL|_
_\ X . Y.
7 >{F£J —




17. Combinational circuit analysis — Example 2

L (W-X)

YI

o
o

Wakerly, Fig.3-11

X L |
>: (W-X) - Yy

W+ X+YY F
=[(W-X)- Y)Y+ W+ X+Y)

+ (W+2)7

(W + 2)’ A

F=[(W-X)"Y) + (W +X+Y') + (W+2)]’
= (W' +X)+Y') - (W- X" Y) - (W' - Z')
=(W-X")- Y - (W+X+Y") - (W+Z)
=(W+X) - Y - (W+X+Y") - (W+Z)

De Morgan

v

F= (WHX) Y - (WH+X+Y") - (W+2)




s

NAND

\De Morgan

W + X

o

o

>: (W +X) -Y)

Wakerly, Fig.3-12

F=(MW+X) Y- (W+X+Y') - (W+2)

NOR

v

/ De Morgan
(W’ + X + Y '—8 \ F
—0 / =(W+X)-Y)-W+X+Y)
- (W+2)
(W + 2ZY

\

bubbles cancel on same line



Wakerly, Fig.3-13

F=(W+X) Y (W+X+Y") - (W+2)

W’ + X
%
\ W+X)-Y
:jxs 4
W+X+Y N c
¥ | = (WX Y)W X+Y)
><> (W+2)
W+2Z




18. Combinational circuit synthesis

We recall that the analysis and synthesis problems are:

Analysis Problem: Given a combinational circuit made up of logic gates,
determine the output F as a function of the input variables, X,Y,Z...

Synthesis/Design Problem: Given a combinational circuit defined by its I/O
mapping, F = f(X,Y,Z,..), typically stated as a truth table, synthesize the
circuit with logic gates, preferably using the minimum number of gates, as
well as trying to minimize propagation delays.

combinational
logic circuit

L F=1f(X,Y,2)

Below, we present a few synthesis examples based on the circuit’s I/O
mapping, F = f(X,Y,Z,..), determined from a given (i) truth table, or,

(i1) functional description of the circuit. Karnaugh maps provide a systematic
synthesis method and will be discussed later on.




18. Combinational circuit synthesis

Example 1 — prime number detector

Wakerly, Sect.3.3.1

canonical minterm SOP form

|

F=2n5cp(1,2,357,11,13)

F = HA,B,C,D(O’416,8,9;1O’12114’15)

|

canonical maxterm POS form

row| A B C D| F | minterms
0O |0 0 00| O
1 /0 0 01| 1 |ABCD
2 |0 01 0| 1 |ABCD
3 /001 1|1 |ABCD
4 |0 10 0] O
510 10 1| 1 |ABCD
6 |0 11 0| O
7 10 11 1| 1 |ABCD
8 |11 00 0] O
9 11 00 1] 0
10 (1 01 0| O
1 |1 01 1| 1 |ABCD
12 |1 1 0 0| O
13 |1 10 1| 1 |ABCD
14 |1 11 0| O
15 |1 11 1| O




Example 1 — prime number detector

F=2agcp(1,2,35711,13) =
= A'B'C'D + AB'CD'
+A'B'CD +A'BC'D
+ A’BCD + AB'CD
+ABC'D

row| A B C D| F | minterms
0O |0 0 00| O
1 /0 0 01| 1 |ABCD
2 |0 01 0| 1 |ABCD
3 /001 1|1 |ABCD
4 |0 10 0] O
510 10 1| 1 |ABCD
6 |0 11 0| O
7 10 11 1| 1 |ABCD
8 |11 00 0] O
9 11 00 1] 0
10 (1 01 0| O
1 |1 01 1| 1 |ABCD
12 |1 1 0 0| O
13 |1 10 1| 1 |ABCD
14 |1 11 0| O
15 |1 11 1| O




Example 1 — prime number detector

— (AIBICIDI) 4

F=T11,5¢p(04,6,8,9,10,12,14,15)
= (A+B+C+D) - (A+B'+C+D)

- (A+B'+C'+D) - (A'+B+C+D)

- (A+B+C+D") - (A'+B+C'+D)

- (A"+B'+C+D) - (A'+B'+C'+D)

. (AI_|_B!+CI_|_DI)

row| A B C D |F maxterms
0O |0 0O 0OO0O |0 | A+tB+C+D
1 /0 0 01 |1
2 |0 01 0 |1
3 /0 01 1 |1
4 10 10 0 |0 | A+tB+C+D
510 10 1 |1
6 |0 11 0 |0 | A+B+C+D
7 /0 11 1 |1
8 |1 00 O 0 | A+B+C+D
9 |1 00 1 |0 | A+B+C+D’
10 |1 01 O 0 | A4B+C+D
11 |1 01 1 1
12 |1 1 0 O 0 | A+B+C+D
13 |1 1 0 1 1
14 |1 11 O 0 | A+B+C'+D
15 |1 11 1 0 | A+B'+C'+D’




F= A'B'C'D+A'B'CD'+A'B'CD + A'BC'D + A’ BCD + AB'CD + ABC'D

A'B'C'D

A'B'CD’

A'B'CD

A'BC'D

C!

A'BCD

AB'CD

D!

ABC'D

JUUUUUU

akakak:




partial simplification:

F= A'B'C'D+AB'CD'+A'B'CD + A'BC'D + A'BCD + AB'CD + ABC'D
= A'CD+A'B'CD'+ A'CD + AB'CD + ABC'D

F= A'D+A'B'CD'+AB'CD + ABC'D

l

A'D
> D
- —\ ABCD
C —¢ >C } _J\ e F
[ 'CD
[ ‘ —\  ABCD
D [ L L



F= A'B'C'D+A'B'CD'+A'B'CD + A'BC'D + A’ BCD + AB'CD + ABC'D

further simplification:
combine into
F= ABCD——— _— AD

+ A'B'CD’

+ A'B'CD ) A'B'C
+ A'BC'D

+ A'BCD B'CD
+ AB'CD

+ ABC'D —— ™S4 BCD

— ' ' ' , thls iS aISO the form
F= AD+ABCHBCD T BCD | gptained with K-maps




Example 1 — prime number detector

A —>o : D A'D
i_' >c * D AB'C
—  BCD
>G :\/ BC'D

D ./

F= AD+A'B'C+B'CD+BCD

Matlab code:
[A,B,C,D] = a2d(0:15, 4);
F=(A&D) | (~A & ~B & C)

(~B & C & D)

(B & ~C & D);




Karnaugh map for prime number detector

F= A'B'C'D+A'B'CD" + A'B'CD + A'BC'D + A'BCD + AB’'CD + ABC'D

F=A'D+A'B'C+B'CD+ BC'D

AB
CDN\. 00 01 11 10
00
N
01| (1 [1 1]<
1(]] 1 1| T~
\\ /R
101 1
+
\
A'D

BC'D

B'CD

blue areas indicate
a complete cover

all are essential Pls




18. Combinational circuit synthesis

Example 2 — alarm circuit Wakerly, Sect.3.3.1

Design a home alarm circuit whose functional description is as follows:

The ALARM output is 1 if the PANIC-button input is 1, or if the ENABLE input
1s 1, the EXITING input is 0, and the house is not secure — the house is secure if
the WINDOW, DOOR, and GARAGE inputs are all 1.

Translating this description into a Boolean algebraic expression, we have:

SECURE = WINDOW - DOOR - GARAGE
ALARM = PANIC + ENABLE - EXITING' - SECURE'’
= PANIC + ENABLE - EXITING' - (WINDOW - DOOR - GARAGE)’
= PANIC + ENABLE - EXITING' - (WINDOW’ + DOOR' + GARAGE')

= PANIC + ENABLE - EXITING' - WINDOW'
+ ENABLE - EXITING' - DOOR'
+ ENABLE - EXITING' - GARAGE' = sum-of-products form




18. Combinational circuit synthesis

Example 2 — alarm circuit

PANIC

ENABLE

EXITING

WINDOW ———
DOOR

SECURE

-

GARAGE ——

I
I

o
o

SECURE = WINDOW - DOOR - GARAGE
ALARM = PANIC + ENABLE - EXITING'" - SECURE'

ALARM

This design has a serious limitation: If the alarm is set off because the house is not secure,
then the alarm will turn off when the house becomes secure again, even though the alarm is
still enabled (e.g., someone may break into the house through an alarmed door, and cause
the alarm to turn off by simply closing the door.) See unit-8, Example-1 for a similar
example and how to fix it by introducing memory into the system (with D flip-flops).




Example 2 —alarm circuit

PANIC
ENABLE

|
EXITING —>c 5

WINDOW ———

DOOR —>o—4
GARAGE —>c |

ALARM = PANIC
+ ENABLE - EXITING” - WINDOW’
+ ENABLE - EXITING” - DOOR’
+ ENABLE - EXITING" - GARAGE’

L

olsls

alternative realization

ALARM = PANIC + ENABLE - EXITING' - WINDOW'
+ ENABLE - EXITING' - DOOR’
+ ENABLE - EXITING' - GARAGE' = sum-of-products form




18. Combinational circuit synthesis

ON )
LIGHT

MID — \
o

DOOR

Example 3 — car dome light

Determine the Boolean function for a car dome light based on the following
description [cf. Wakerly]:

The light has a 3-position switch such that the light turns on if the switch is in the
ON position or if the middle switch MID is on and the door signal DOOR is also
on when any door is open, otherwise the light is off when the switch is in the
OFF position.

Translating this description into a Boolean algebraic expression, we have:

LIGHT = ON + MID - DOOR

The circuit diagram with three inputs, ON, MID, DOOR, and one output LIGHT, is easily
drawn using one AND gate and one OR gate.

see p.163 for an alternative realization, and K-map derivations with don’t care entries




18. Combinational circuit synthesis

Example 4 — equality test

Given two 2-bit numbers, a, b, determine the Boolean function F that is equal to 1
when the two numbers are equal, a = b, and is equal to 0 otherwise.

Let the two bits of each number be, a = (a;ag) , and, b = (b1by)
F = (al bl + a]_, bl’) : (ao bo + a.o' bo') — XNOR(al, bl) : XNOR(ao, bo)

The circuit diagram with four inputs, a, , a5, by, by, and one output F, is easily
drawn using one AND gate and two XNOR gates

note, xnor(A,B) = 1 only if A=B (either both O or both 1) — A B |AB+TA'B
0 O 1
a0 )] 0 1 0
% Ql}F 1 0 0
b 1 1 1
2L A




19. Combinational circuit minimization — Karnaugh maps

Karnaugh maps (K-maps) are two-dimensional representations of truth tables
that provide an intuitive way to simplify a logic circuit and realize it with fewer
logic gate operations.

See also,

Karnaugh maps - Wikipedia

Karnaugh maps are convenient for 1-5 input variables. For more variables see
the following more advanced methods,

logic minimization methods - Wikipedia

Quine-McCluskey algorithm - Wikipedia

Petrick's method - Wikipedia



https://en.wikipedia.org/wiki/Karnaugh_map
https://en.wikipedia.org/wiki/Logic_optimization#Circuit_minimization_in_Boolean_algebra
https://en.wikipedia.org/wiki/Quine%E2%80%93McCluskey_algorithm
https://en.wikipedia.org/wiki/Petrick%27s_method

Consider a 3-variable function, F = f(A,B,C). In an ordinary truth table, the
possible values of the Boolean variables A,B,C, and the corresponding values
of F, are listed in linear arithmetic progression such that the row numbers are
represented by their 3-bit binary-pattern, ABC, with each row corresponding to
a particular minterm.

In each row, the function F is either O or 1, and the corresponding minterms for
which F=1 are added to represent the function as a sum-of-products.

In the Karnaugh map, on the other hand, the AB values are listed horizontally
and the C values, vertically. However, the AB values are not listed in ordinary
binary-order, but rather in Gray-code order such that only one bit changes in
moving across from column to column. We recall from unit-2 that the ordinary
2-bit binary-order for AB is:

AB =00, 01, 10, 11 AR Gray-code order
whereas the Gray-code order is: C 00 01 11 10
AB =00, 01, 11, 10 0




ordinary truth table

row| ABC | minterms

Karnaugh map Gray-code order
A'B'C’ AB / \

A'B'C C 00 01 11 10
A'BC’
A'BC 0| ABC'| A'BC'| ABC'| AB'C

AB'C’

AB'C 1| A'BC| A'BC| ABC | ABC
ABC’
ABC

~N oo o A WO N O
 +~ - O O O O
 — O O + = O O
- O b O b O +—» O

For a particular function, F = f(A,B,C), some of the indicated minterms will be
replaced by 0’s and some by 1°s.




Two adjacent minterms, either horizontally or vertically, combine to a simpler
expression by eliminating that variable that has changed across the pair of
minterms.

This 1s a consequence of the identity, X + X' = 1.
The number of adjacent minterms must always be a power of 2, that is, the
number of grouped minterms must be 1, 2, 4, for a 3-variable function, or,

1,2,4.8, for a 4-variable function.

Moreover, grouped adjacent minterms can overlap either horizontally or
vertically.

To understand the simplification mechanism, consider a few examples of
groupings.




C

C

two adjacent terms, horizontally or vertically

A'BC' +ABC' =
(A'+A)BC'=BC'

here, A Is changing
and was eliminated

A'BC' +ABC =
A'B(C'+C) =A'B

AB
00 01 11 10
0| A'B'C [A’BC' ABC’] AB'C’
1| AABC| A'BC | ABC AB'C
AB
00 01 11 10
S
0| ABC'||A'BC'|| ABC' | AB'C’
1| A'BC [|[A'BC || ABC AB'C
—

here, C Is changing
and was eliminated




C

C

two horizontally overlapping groups of 2

AB
00 01 / 11 / 10
g A'BC'+ABC'=(A'"+ A)BC'=B(C’
0| A'B'C {A’B C' ABC’] AB'C'| | ABC' + AB'C'=AB + B")C'=AC’
< total = BC' + AC’
s . . Variable A varies across the first group,
1| ABC ABC | ABC AB'C and B across the second. The ABC' term
was replicated based on the property,
X+ X=X
AB two vertically overlapping groups of 2
00 01 / \ 11 10 :
\ replicated term
0| AB'C' [|ABC ABC’] AB'C’ .
A'BC'"+ABC'+A'BC'+ A'BC =
= (A'"+A)BC'+A'B(C'+(C) =
1| aBC [|ABC|| ABC | ABCc | [ZBETAB
—__




C

C

group of 4 horizontal/vertical terms

A'BC'+ABC' + AABC+ABC
= (A'+A)BC" + (A'’+A)BC
= BC' + BC=
= B(C' + C)=B

The variable A varies horizontally, and
C, vertically. Both A,C were eliminated.

AB
00 01 11 10
0| A'B'C /A'B C’ ABC\’ AB'C’
1| ABC [|A'BC | ABC AB'C
- /
AR group of 4 horizontally adjacent terms
00 01 11 10
0 {A'B’C’ A'BC' | ABC' AB'C'}
1| A'BC | ABC | ABC AB'C

A'B'C' + A'BC’ + ABC' + AB'C’
= A'(B' + B)C'+A(B + B/)C'

= A'C'+AC = (A'+ A)C'

e

Variables A,B vary horizontally across
adjacent cells, and were eliminated.




left and right edges wrap around

AB
C 00 01 11 10
A'B'C'+ AB'C' + A'B'C+AB'C
0| ABC'|| A'BC'| ABC' || AB'C’ = (A'+A)BC' + (A'+A)B'C
= B'C' + B'C=
= B'(C" + C)=B’
1| A'B'C|| A'BC | ABC AB'C : : :
Variable A varies horizontally, and C,
vertically across the wrapped square,
thus, both A,C were eliminated.
AR left and right edges wrap around
C\ 00 01 11 10
0| ABC|| AABC' | ABC' || AB'C’ A'B'C'+ AB'C”
=(A"+ A)B'C'=B'C”
. ’ , Variable A varies horizontally across the
1| ABC| ABC | ABC | ABC wrapped cells, and was eliminated.




row| ABCD minterms
0 10000 A'B'C'D’
1 10001 A'B'C'D
2 10010 A'B'CD’
3 10011 A'B'CD
4 10100 A'BC'D’
5 10101 A'BC'D
6 (0110 A'BCD’
7 10111 A'BCD

8 1000 AB'C'D’
9 |1001 AB'C'D
10 {1010 AB'CD’
11 (1011 AB'CD

12 (1100 ABC'D’
13 (1101 ABC'D

14 (1110 ABCD’

15 (1111 ABCD

4-variable Karnaugh map

AB
CD

00

01

11

10

00

01

Gray-code order

/N

11

10

A'B'C'D’

A'BC'D’

ABC'D’

AB'C'D’

A'B'C'D

A'BC'D

ABC'D

AB'C'D

A'B'CD

A'BCD

ABCD

AB'CD

A'B'CD’

A'BCD'

ABCD’

AB'CD’

Gray-code order




Karnaugh map

truth-table row-number ordering

AB
C 00 01 11 10

1
2
3
AB
cD 11 10
00 12 | 8
01 13 | 9
11 15 | 11
10 14 | 10




4-variable Karnaugh map

simplifies into = A'B

variables C,D vary vertically

across adjacent cells, and are
eliminated.

AB
cD 00 01 11 10
)
og | ABCD |JABED|| ABCD' | ABCD
01 | AB'CD |[|ABCD|| ABC'D | AB'C'D
11 | A'B'cD ||ABCD|| ABCD | AB'CD
10 | ArB'cD'||ABED!| ABCD' | AB'CD’
\____




4-variable Karnaugh map

AB
CD

00

01

11

10

00

AIB ICID!

A'BC'D’

ABC'D’

AB'C'D’

simplifies into = CD

01

A'B'C'D

A'BC'D

ABC'D

AB'C'D

11

LA;’B 'CD

A'BCD

ABCD

AB’CD}

variables A,B vary horizontally

across adjacent cells, and are
eliminated.

10

A'B'CD’

A'BCD’

ABCD’

AB'CD’




4-variable Karnaugh map

simplifies into=A'B + CD

AB
cD 00 01 11 10
)
og | ABCD |JABED|| ABCD' | ABCD
01 | AB'CD |[|ABCD|| ABC'D | AB'C'D
11 LAJB’CD A'BCD|| ABCD AB’CD}
10 | ArB'cD'||ABED!| ABCD' | AB'CD’
\____




4-variable Karnaugh map

AB

CD

00

01

11

10

00

01

AIBICIDI

A'BC'D’

ABC'D’

AB'C'D’

A'B'C'D

11

10

A'BC'D

ABC'D

AB'C'D

A'B'CD

A'BCD

ABCD

AB'CD

simplifies into = B'C’' + BC

A'B'CD’

A'BCD’
-

ABCD'
,/

AB'CD’




4-variable Karnaugh map

AB
CD

00

00

01

11

10

A'B'C'D’

Q’BC’D’

)
ABCD

AB'C'D’

01

A'B'C'D

A'BC'D

ABC'D

AB'C'D

11

A'B'CD

A'BCD

ABCD

AB'CD

simplifies into = BC' + AB

10

A'B'CD’

A'BCD’

ABCD’

AB'CD’

always choose the largest
sub-areas of adjacent cells,
containing 2, 4, or, 8 minterms




4-variable Karnaugh map

AB
CD

00

01

00

01

11

10

AIBICID!

A'BC'D’

ABC'D’

AB'C'D’

A'B'C'D

QBC’D

~

ABC'D

AB'C'D

11

A'B'CD

A'BCD

ABCD

~

AB'CD

simplifies into = BD + AC

10

A'B'CD’

A'BCD’

ABCD'
-

AB'CD!
,/




4-variable Karnaugh map

AB

CD

00

01

simplifies into = ABD' + B'C’

11

/

10

00

01

AIBICIDI

A'BC'D’

ABC'D’

AB'C'D’

A'B'C'D

11

10

A'BC'D

ABC'D

AB'C'D

A'B'CD

A'BCD

ABCD

AB'CD

top/bottom and left/right
edges wrap around

A'B'CD’

A'BCD’

ABCD’

AB'CD’




4-variable Karnaugh map

AB

CD

00

01

00

01

simplifies into = A'D’ + B'C

I

11

10

AIB ICIDI

A'BC'D’

ABC'D’

AB'C'D’

A'B'C'D

A'BC'D

ABC'D

AB'C'D

11

10

A'B'CD

A'BCD

ABCD

AB'CD

top/bottom and left/right
edges wrap around

A'B'CD/

A'BCD’

ABCD’

AB'CD’




4-variable Karnaugh map

AB

CD

00

01

11

oo,

01

11

s

A'B'C'DPA'BC'D’

ABC’D<

AB'C'D’

N

A'B'C'D

A'BC'D

ABC'D

N\

AB'C'D

top/bottom and left/right
corners wrap around

A'B'CD

N\

A'BCD

ABCD

AB'CD

simplifies into = B'D’

A'B'CD’

>A’BCD’

ABCD’

AB'CD’




4-variable Karnaugh map

AB
CD

00

01

11

10

always choose the largest
sub-areas of adjacent cells,

A'C’ BC' AB containing 2, 4, or, 8 minterms
00 / 01 / 11 / 10
4 ‘ s \\‘l ’—\K simplifies into
A'B'C'D'||A'BC'D| ||ABC'D’|| AB'C'D’ =A'C' + AC + BC’
or, into
=A'C'+AC+AB
QB’C’D A'BC'D| ||ABC'D || AB'C'D
N the BC’ and AB areas are partially
covered by each other, and by the
A'B'CD | A'BCD QBCD AB'CD other areas A'C' and AC, so only
one of them, BC' or AB, needs to
be included — including both
would be redundant
A'B'CD’| A'BCD' ||ABCD' || AB'CD’
A—AC




4-variable Karnaugh map

AB
coN. 0 o1 1
00 A'B'C'DPA'BC'D’ ABC'D< AB'C'D’ /
N \vg
01 |A'B'C'D | A'BC'D | ABC'D | AB'C'D
11 Q’B’CD LA'BCB ABCD] AB'CD
/\ A
10/ A'B'CD’ A’BCD’ ABCD' 1 AB'CD’
D
A'C BCD
essential Pl

B'D’

/

essential Pl

simplifies into
=B'D'+A'C + BCD

top/bottom and left/right
corners wrap around

always choose the largest
sub-areas of adjacent cells,
containing 2, 4, or, 8 minterms




4-variable Karnaugh map

AB
CD

00

01

00

01

11

10

A'B'C'D’

A'BC'D’

ABC'D’

AB'C'D’

A'B'C'D

[A’BC’D

ABC’D}

AB'C'D

simplifies into

F=B'C+CD’" +BC'D+A'C
essential Pls T

simplest non-essential Pl

J

—

11

10

(
A'B'CD

~

A'BCD

ABCD

AB'CD

(@’B’CD’

ABCD’

AB’CD1

\

-
T

CD'

essential Pl

A'C

\
A'BD

non-essential PIs

BC'D essential Pl

left/right corners wrap around

«— B'C essential Pl




Nomenclature

Implicant: a minterm or sum of minterms appearing in a function F,
If an implicant evaluates to 1, then so does F as a whole,
l.e., If, implicant=1, then it implies, F=1

prime implicant: asimplified implicant that cannot be combined into another
implicant that has fewer number of literals.

covers: all implicants that account for all possible evaluations of the
function into F=1 (i.e., all the 1’s in a Karnaugh map).

essential prime implicant: a prime implicant that contains an F=1 minterm
that is not included in any other prime implicant,

all essential prime implicants must be included in the
cover of the function.

In addition to the essential Pls, it may be necessary to include possible non-
essential Pls in order to achieve a complete cover, (if there are several such
possibilities, one could choose the one that has the smallest number of literals.




blue areas indicate AB

a complete cover CD 00 01 11 10
00 1] 1]
simplifies into=A'D + ABD' + AC' D' X

—

—_— oy(l,ﬁf
(non-prime) implicant ——

11 tl LJ

essential prime implicants 10 1
AB
CD 00 /01 11 | 10 I
00 T / essential prime implicants
o (1 ( :q 1j simplifies into = A'B' + BD
11 tl l 1 J* \17{ =A'B’'+ BD + A'D = with all PIs + consensus
~ \\
non-essential Pl, already covered by
10| 1 :
— other essential Pls, consensus term




Summary

Karnaugh map minimization steps for combinational functions of 2, 3,
or, 4 Boolean variables:

1.
2.

Place 1°s in the squares of the K-map for those minterms where F=1.

For each such minterm, find the largest sub-area containing that
minterm — these are the prime implicants. The number of elements in
such subareas must be a power of 2, e.g., 2,4,8,etc.

Identify the essential prime implicants covering those minterms that
are not covered by any other prime implicant.

All of the essential prime implicants must be included in the final
simplified expression, and in addition, include any other prime
Implicants so that all minterms of the function are covered.

Any particular minterm may be covered by more than one prime
Implicant, but all minterms must be covered.




Karnaugh map examples — 1

Previously (in Example 3) we considered the simplification of the truth
table function given in Table 3-5 of the Wakerly text, and demonstrated the
equivalence of the following expressions for F as a function of the Boolean
variables X, Y, Z,

(1) F=X'Y'Z +XY'Z +XYZ+XYZ+ XYZ'

truth table (2) F=Y'Z'+YZ+ XZ'
XYz | F 3) F=Y'Z'+YZ+ XY
000 1 XY blue areas indicate
001 0 7 00 01 11 10 a complete cover
010 0

0] 1 1 1
011 1 [ ] Y'Z" | essential Pl
100 1
101 |0 L L1l 7
110 1 \
111 1 essential P1 | YZ | | XY k— non-essential Pls, include

either one for complete cover



Karnaugh map examples — 1

alternative way of arranging the variables in the K-map — the final
answer is the same

truth table V7 F=Y'Z'+YZ+ XZ'
XY Z F X 00 01 11 10 F=YZ'+YZ+ XY
000 | 1 olf1 A,
001 0 S Y

11(1 1 1 . .
0 1 2 2 Bl o — include either one
0 T AN for complete cover
100 1 XZ'
10 1 0 Y'Z' YZ
110 1 essential Pls —
111 1 blue areas indicate

a complete cover




Karnaugh map examples — 1

yet, another way of drawing the K-map

F=Y'Z'+YZ+XZ'
F=Y'Z'+YZ+XY

Y'Z' essential Pl

blue areas Indicate
a complete cover

YZ essential Pl
/

]«~ XY non-essential Pls,

truth table

XYZ |F 2
000 |1 XYNOr 1
001 | O 00| 1
010 |0 p—
011 |1 01 1}
100 |1

101 |0 1| 1] || 2
110 |1 =
111 |1 10| 1

include either one
~ XZ' for complete cover




Karnaugh map examples — 2

Truth table of multiplexer function and its simplification:

Z=S-A-B'+S-A-B+S-A""B+S-A-B

-S'-A+S-B
S A B Z Ax
0 0 0 0 ; 4
6 0 ¥ 0 B —*!
sA-B" 0O 1 0 | =
s"-A-B 0 1 | | a SNjﬁ\'
1 & D 0 . p
s-A”>B | 0 |1 | ‘ Dw
I 1 © © __;>§i
s-A-B 1 1 | | ° W3

U4



Karnaugh map examples — 2

Truth table of multiplexer function and its simplification:

Z=S-A-B'+S-A-B+S-A""B+S-A-B
=S'-A+S-B=S'-A+S-B+A B

\A

non-essential Pl,
consensus term

- S'-A
essential Pl

blue areas indicate
a complete cover

S A B Z

0O 0 0 0

6 0 ¥ © AB

5 % B S SN 00 01 11 /10
S"-A-B’ ]

<:M

s-AB 0 1 | 1 0 D

I 0 @& 9 1 &\
S‘A’-B | () | | /

i 1 @0 0 S-B

| essential Pl



Karnaugh map examples — 3

Previously (in Example 4), we considered the truth table given below
[ref. A. F. Kana], and showed the equivalence of the following
expressions for F as a function of the Boolean variables X, Y, Z,

truth table (1) F=X'YZ+XY'Z+XYZ + XYZ
XYZ | F (2) F= XY +YZ+XZ

F may be viewed as implementing a

g g g 8 voting majority gate, that is, F=1,
010 0 If two or more input variables are 1
011 1 XY
100 | O 7N\_ 00 01 11 10
1 01 1
110 1 0| 1 (1] XY
111 1 ;
1 (1)1 1 \+— Xz
A
blue areas indicate |
a complete cover YZ all three are essential Pls




Karnaugh map examples — 4

Previously (in Example 5) we showed the equivalence of the following
two expressions:

F=XY+ XY + XY
F=X+Y

It can be understood simply by a 2-variable K-map.

X
Y 0 1
0 T< % blue areas indicate
a complete cover
11 ||1

both are essential PIs




Karnaugh map examples — 5

Previously (in Example 6), we showed the equivalence of the following two
4-variable expressions [ref. A. F. Kana],

F=A'BC'D+A'BCD + ABC'D' + ABC'D + ABCD + ABCD' + AB’CD + AB'CD’

F=BD+AB +AC

AB
AB
CD 00 01 11/ 10 all three are essential Pls
00 1
> | blue areas indicate
\ a complete cover
01 1 1 BD
s A
11 Gy AC example of implicant
0 ] ] if AB = 1, then, A=1, B=1, A'=0, B'=0
F=CD'+C'D+CD + CD’
S— | :(C+C’)(D+D’):1'1:1




Karnaugh map examples — 6

Previously, we arrived at the following equivalent expressions for a
prime number detector,

F=%npcp(1,2,357,11,13) =
F= A'B'C'D +A'B'CD’ +A'B'CD +A'BC'D +A'BCD + AB'CD + ABC'D
F=AD+AB'C+B'CD+BCD

A—>o : D AD
B >O —\ ABC

>0 :\/ BC'D
D ! -




Karnaugh map examples — 6

F=A'B'C'D+A'B'CD" + A'B'CD +A'BC'D + A'BCD + AB’'CD + ABC'D

F=A'D+A'B'C+B'CD+ BC'D

AB
CDN\. 00 01 11 10
00
N
01| (1 [1 1]<
1(]] 1 1
\\ /R
101 1
+
\
A'D

BC'D

B'CD

blue areas indicate
a complete cover

all are essential Pls




Karnaugh map examples — 7

row | ABCD F F
O |000O 1 0
1 0001 0 1
2 (0010 1 0
3 (0011 0 1
4 10100 1 0
5 (0101 1 0
6 (0110 1 0
7 0111 1 0
8 [1000 1 0
9 11001 0 1
10 |1 010 1 0
11 (1011 0 1
12 11100 1 0
13 11101 0 1
14 (1110 1 0
15 11111 1 0

Determine the minimum product-of-sums
expression for the function F with the
following truth table.

K-map for F’
AB
CD 00 01 11 10

00
o1] 1 1| Lf AC'D
11] 1 1 « BD
10

F'=B'D+AC'D

lDe Morgan
F=(B+D)A'+C+D)




Karnaugh map examples — 8 Using K-maps, determine a simplified sum-

truth table

X

Y

Z

F

P RrRFPREPOOODO

P RPOORKRRPKE OO

RFORORORO

RFRRrRORORO

of-products form for the function,
F=XY+ZX' +ZY'

0 Tl XY

F=XY+Z

[x,y,2z] = a2d(0:7,3) ;
£ = (x&y) | (z&~x) | (z&~y);

[x,y,2z,f]




Karnaugh map examples — 9

row | ABCD F
O ([000O 1
1 10001 0
2 (0010 1
3 (0011 1
4 (0100 0
5 (0101 1
6 (0110 1
/7 (0111 1
8 {1000 1
9 (1001 1
10 {1010 X
11 (1011 X
12 (1100 X
13 (1101 X
14 (1110 X
15 (1111 X

How to handle incompletely specified, or
don’t care, entries in the truth table.

rule: treat them as 1’°s in the minterm form

B'D’

o?}@ 9%
. N —f— 5P
01 1 x| 1
s ) A
11 (2 || x x)

101

F=BD'+BD+A+C




Karnaugh map examples — 9

[A,B,C,D] = a2d(0:15,4);

row | ABCD F
O |[000O 1
1 10001 0
2 (0010 1
3 (0011 1
4 (0100 0
5 (0101 1
6 (0110 1
/7 (0111 1
8 {1000 1
9 (1001 1
10 |1 010 1
11 (1011 1
12 11100 1
13 |11101 1
14 11110 1
15 11111 1

F=(B&~D) | (B&D) | A | C;
[A,B,C,D,F]

F=B'D'+BD+A+C

AB m—
CDN\_N00 01 11 10 /

ol | |1 [
. ~—f—BP
01 1 || 1] 2
11)(1 |l || 1, 1)‘ -
NG
1/0/ ik 1“ N ¢ /) N\
C

don’t cares are effectively replaced by 1°s




Karnaugh map examples — 10

Car dome light example (from p.122) OFF MID ON DOOR | LIGHT

The light has a 3-position switch such that
the light turns on if the switch is in the ON
position or if the middle switch MID is on
and the door signal DOOR is also on when
any door is open, otherwise the light is off
when the switch is in the OFF position.

Translating this description into a Boolean
algebraic expression, we have:

LIGHT = ON + MID - DOOR

FRPRRRPRREPRERPRERFRPOOOOOOOO
FRPRPRKFRPOOOOKRKERKEHRKEHROOOO
PFRPOOKFRKFHROOKFRKFHROOREROO
HOHROKFHLOKFLOKFROKFHROKROLRO
XU XN N KOO X PRPORE XX

N

N

ON
MID—
DOOR— LIGHT
x’s denote don’t care or unrealizable entries

because the switch can only be at one of 3 positions



Karnaugh map examples — 10

OFF MID ON DOOR | LIGHT
0 0 0 0 X
0 0 0 1 X
0 0 1 0 1
0 0 1 1 1
0 1 0 0 0
0 1 0 1 1
0 1 1 0 p 4
0 1 1 1 X
1 0 0 0 0
1 0 0 1 0
1 0 1 0 X
1 0 1 1 X
1 1 0 0 b4
1 1 0 1 X
1 1 1 0 X
1 1 1 1 X

not all don’t cares were used here

LIGHT = ON + MID-DOOR

OFF,MID
ON,DOOR 00 11 10
00| x X
01 g"_)i _____ | _x\:
11:‘}__“_ X x}
10 tl X XJ

don’t cares are treated asl’s

alternative grouping leads to

LIGHT = ON + (OFF)’ -DOOR

not all don’t cares were used here

A

MID-DOOR

— ON




Karnaugh map examples — 10

OFF MID ON DOOR | LIGHT

L1l

e
N

HFHEFHERHRERHEPRHERHERHEHOOOOOOOO
HFRPFHRPFRPOOOOKFRKERKEHRKEROOOO
HFHPROOKFRKFHROOKFRKFROORREROO
HOHOHFHLOKFHLOKFLOKFROKRORO
XX XN XN KOO X PRPOPREX X

HFRPFHROKFRKFHROOKFRKRKEFHROREROO

HFRPOOKFRKFROOKFRKFRKFRORERERERERO

L1=ON + MID-DOOR
L2 = ON + (OFF)’ -DOOR

o°

MATLAB code:
[0off,mid,on,door] = a2d(0:15,4) ;

L1 = on |
L2 on |

(mid & door);
(~off & door);

[0off,mid,on,door,L1,L2] % print

don’t cares are treated asl’s

because not all don’t cares were used in deriving L1 and L2, the full L1 and L2 columns are
different. However, they agree on the relevant/realizable part of the truth table (shown in red)




Karnaugh map examples — 11

lab-2 derivations using K-maps

F =bc' + acd

._

> » -

»

row | abcd F
0 0000 0
1 (0001 0
2 10010 0 h
3 0011 0
4 10100 1
5 10101 1 C
6 (0110 0
7 10111 0 d
8 1000 0 3
9 11001 0
10 11010 0
11 (1011 1
12 |[1100 1
13 (1101 1
14 1110 0
15 (1111 1

[a,b,c,d] = a2d(0:15,4) ;
F=(b &~) | (a &c &d);

[2,b,c,d,6F] % print truth table




Karnaugh map examples — 11

row | abcd F
0 0000 0
1 (0001 0
2 (0010 0
3 0011 0
4 10100 1
5 10101 1
6 (0110 0
7 10111 0
8 1000 0
9 11001 0
10 11010 0
11 (1011 1
12 |[1100 1
13 (1101 1
14 1110 0
15 (1111 1

lab-2 derivations using K-maps

be’ || essential Pl
ab
cd o0 01 11/ 10
R

00 ‘1

consensus term

01 U 1)l abd

11 [1 1 ] <l acd

10 essential Pl
F =bc’ + acd

F =bc’' + acd + abd

F =a'bc'd' + a'bc'd + ab'cd + abc'd' + abc'd + abcd

canonical minterm SOP expansion




Karnaugh map examples — 11

lab-2 derivations using K-maps

row|abcd | F If they were
0 loooo | o ab minterms for F’
1 0001 0 cd 00 01 11 10 ’
2 10010 0 00l 0 0 « b'c’
3 0011 0 o
4 10100 1 all three are
5 10101 1 01] 0 0 essential Pls
6 0110 |0 S
7 1011110 11 ( O [0 | a'c
8 {1000 0
9 |1001 |0 10(0 0)| 0 0]= od’
10 {1010 0
11 1011 1
12 (1100 1
13 11101 1 F'=a’c + b'c’ + cd’ = sum-of-products for F’
14 (11110 0 lDe Morgan
15 |1 111 1 F=(a+c')(b+c)c'+d)=product-of-sums
simplified POS expansion




20. Timing hazards — static hazards effects of propagation delays

F=XZ'"+YZ

XZP

ZF’

F

< X
1l

el

)i

delays through AND gates

delay through inverter

1
0 delay through OR gate
| J¥:
P .“‘
1 '., " lab 2 and Wakerly, Fig.3-26
YZ - 'ul
0 -|| I|l /
XZP ; | ‘\ / referred to as static-1 hazard,
1 |\ ) note: the dual of the above circuit
Fo g\ ‘ would exhibit a static-0 hazard,

see also Wakerly Fig. 3-27



F=X7Z"+YZ

F=XZ'"+YZ+ XY

XY XY
Z 00 01 11 10 Z 00 01 11 10
(1| 1] 0 (1]] 1)
(1] 1] 1 (1 1‘1\
A N——/ \
N\
: , consensus term, adjacent pairs of 1°’s
essential Pls [YZ ' XZ non-essential Pl Al must be covered
by a Pl to prevent
XY Z F the timing hazard
000 0 | | MATLAB code for generating truth table
8 g g g [X,Y,Z] = a2d(0:7,3); % 3-bit binary pattern
011 |1 |F=(Xs&~2)I(Y & Z);
100 1
1 01 0 [X,Y,Z,F] % print truth table
110 1
111 1 X-A+X'-B=X:-A+X'"*B+A-B (consensus)




20. Timing hazards — static hazards

XZP
ZP F=XZ'"+YZ+XY

TN
-~/
N

consensus term

DYZ
)

look at these individual outputs

Wakerly, Fig.3-29




Simulink Implementation

Signal Builder F_function

/

F=X7Z'"+YZ

Scope

data type conversion

F=XZ'"+YZ+ XY

Simulink file: fig326a.slx

boolean to double

MUX MUX

timeseries
structure

to workspace



without delays

F=XZ'"+YZ

F=X7Z"+YZ+XY

consensus term

/

Xz
j F
YZ

OR

Simulink: subfunction contained in fig326a.slx

§i ﬁ‘ ﬁ‘”‘“‘



XA’O

YZ

XZ'

XY

without delays

F=X7Z'"+YZ

3 4 5 7 8
r L r
3 1 5 7 8
L r C
3 4 5 7 8
r r N
3 1 5 7 8
L r C
3 4 5 7 8
r r r C
3 1 5 7 8
r r r L
3 4 5 7 8

no glitch




F=X7Z'"+YZ

with delays

with consensus term XY not connected

subfunction contained in fig326a.slx

D
X
Xz D5
4
= LD
XY F 4
( 2 } . Y7
Y y o1 OR
=
4”‘2_'. 720 |
YZ
i 20 Xe
zZ
Ca o ; t"
z Y.Z D3 XY

note: here, the simulation time is 0 <t < 8 (sec or any other time unit), and the sampling
time interval is, by default, T, = 0.01 time units, so that there are 100 samples per time
unit, thus, delay by 20 samples would correspond to 20/100 = 0.2 = 1/5 of a time unit.







XY

YZ

XZ'

XY

with delays

F=X7Z'"+YZ

3 4 5 7 8
r L N
3 4 5 7 8
[ [ r [
3 4 5 7 8
r r r [
3 4 5 7 8
[ [ r [
3 4 5 7 8
r r r [
3 4 5 8
r r r [
3 4 5 8




% fig326m.m - found on Canvas
% import data from Simulink into MATLAB for plotting

t S.time; % time range, length 801 by default
X = S.data(:,1);

Z = S.data(:,2);

Zp = S.data(:,3);

YZ = S.data(:,4);

XZp = S.data(:,5):

XY = S.data(:,6);

F S.data(:,7); % extract computed output

figure;

subplot(7,1,1); stairs(t,X,'b-'); yaxis(0,2,0:2);
subplot(7,1,2); stairs(t,Z,'b-'); yaxis(0,2,0:2);
subplot(7,1,3); stairs(t,Zp,'g-'); yaxis(0,2,0:2);
subplot(7,1,4); stairs(t,Y¥Z, 'm-'); yaxis(0,2,0:2);
subplot(7,1,5); stairs(t,XZp,'m-'),; yaxis(0,2,0:2);
subplot(7,1,6); stairs(t,XY, 'm-'); yaxis(0,2,0:2);
subplot(7,1,7); stairs(t,F,'r-'); yaxis(0,2,0:2);
xlabel ('\itt') ;




with consensus term XY connected

D1

220

720
D2
XZ D5
20 »Z 20 4,.
z XY F 4
D4 YZ
OR
ZI
YZ
Y X7
z
Y.Z D3 XY

F=XZ'"+YZ+XY




) Scope

= @




XY

YZ

XZ'

XY

with delays and consensus term

F=X7Z"+YZ+XY

no glitch

1-
0°f r r r r r [
0 2 3 4 5 7 8
1-

O' r r n n n
0 2 3 4 5 7 8
1;

0" [ [ [ r r r
0 2 3 4 5 7 8
1;

0" r r r r r [
0 2 3 4 5 7 8
1;

0" [ [ [ r r r
0 2 3 4 5 7 8
1;

0" r r r r r r
0 2 3 4 5 7 8
|

0 r r r r r r
0 2 3 4 5 7 8




another example — Wakerly Fig. 3-30
K-map for a sum-of-products circuit

(a) as originally designed
(b) with extra product terms fo cover static-1 hazards

XY -2 ' " "
(a) WX\ — (b) W X A
yz N\, 00 01 11 10 yz\_ 00 01 11 10
w-.z 90 (1] 1) W - XY 00 M|
01 (1 1) 01 (1‘\ 1
— 7 1 | z
1111 ﬂ 1|09
Y == Y —. — il
10 1 1J~-»--_ Wy 10 [ \1J e
3 = WaNR
X X
F=X.Y-Z+W-Z+W-.Y F=X-Y-Z+W-Z+W-.Y

+ W - XY +Y-Z+ W-X.Z

adjacent pairs of 1’s must be covered by a PI to prevent timing hazards




two more examples [cf. Brown & Vranesic]

adjacent pairs of 1’s must be covered by a PI to prevent timing hazards

ab
cd 00 01 11 10
00 1
01 1

11 (1 fl] 1

10 tl 1) 1

F=a'c+ab
=a'c+ab +Dbc

!

consensus term

ab

cd
00

01

11

10

00

01 11 10

!

1)

F=a'c+ad
=a'c+ad+cd

!

consensus term




20. Timing hazards — dynamic hazards

X1 . -
one gate delay Xg c
| - Y
- - [

L %
X1 [
a_ L XpExg=xg=
J) B dynamic hazard example in which the
b HERE output undergoes a brief oscillation before
U settling to its correct value, caused by the
R delays along different propagation paths.
c .
q [References: S. Brown & Z. Vranesic,
Fundamentals of Digital Logic with
REEE Verilog Design, 3/e, McGraw-Hill, 2014,
F i also ,Wakerly, Sect. 3.4.3]




Simulink Implementation

x1

signal x1
T F
E
Constant F_function
timeseries
structure

to workspace

data type conversion
boolean to double

MUX MUX

Simulink file: dhazardl.slx, with delays
Simulink file: dhazard2.slx, without delays



a
xla D2
:) x1
2-25
>
x1x2 D1
x3a D3 x4c D4
G4

x4

bd

(without delays)



with delays

without delays




set (0, 'DefaultAxesFontSize',8) ;

t = S.time; % extract data from timeseries S
x1l = S.data(:,1);

a = S.data(:,2);

b = S.data(:,3);

c = S.data(:,4);

d = S.data(:,5);

F = S.data(:,6);

figure;

subplot(6,1,1); stairs(t,x1l,'b-'); yaxis(0,1.5,0:1);
subplot(6,1,2); stairs(t,a,'m-'); yaxis(0,1.5,0:1);
subplot(6,1,3); stairs(t,b,'g-'); yaxis(0,1.5,0:1);
subplot(6,1,4); stairs(t,c,'b-'); yaxis(0,1.5,0:1);
subplot(6,1,5); stairs(t,d, 'm-'); yaxis(0,1.5,0:1);
subplot(6,1,6); stairs(t,F,'r-'); yaxis(0,1.5,0:1);

xlabel ('\itt') ;







Ideal timing diagram — truth table

[x1,x2,x3,x4] = a2d(0:15,4) ;

% MATLAB code for generating truth table

[o)

% 4-bit binary pattern

[x1,x2,x3,x4,a,b,c,d,F]

a = ~(x1 & x2);

b=~(x1 & a);

c = ~(x3 & a); the operations & and | are vectorized
d =~(x4 & c);

F=~(b & d);

% print truth table

without delays:

a= (Xl . Xz)'

: X1

C= (X3 : a)’

D@ b

£ .

—

e



Ideal timing diagram — truth table

x2 x3 x4

x1

4-bit binary pattern



Ideal timing diagram — truth table

Signal Builder

F function

timeseries

timeseries
structure

structure

to workspace2

MUX

Scope2

Simulink file: dhazard3.slx, without delays

o workspace1

data type conversion

boolean to double

MUX MUX



- lolx]

Xl’ X2, X3, X4, FSignaIS

=lalx]

X1, &, b, ¢, d, F signals




X1, X9, X3, X4, Fsignals

1 2 3 4 5 6 7 10 11 12 13 14 15 16
L L r r L L r r r C

1 2 3 4 5 6 7 10 11 12 13 14 15 16
r L r L r C

1 2 3 4 5 6 7 10 11 12 13 14 15 16
C

1 2 3 4 5 6 7 10 11 12 13 14 15 16
L L r r C

1 2 3 4 5 6 7 10 11 12 13 14 15 16



X1, 4, b, ¢, d, F signals

1 2 3 4 5 6 10 11 12 13 14 15 16
r r r r r r r r r r r r
1 2 3 4 5 6 10 11 12 13 14 15 16
r . r . r r r r
1 2 3 4 5 6 10 11 12 13 14 15 16

r r r r [
1 2 3 4 5 6 10 11 12 13 14 15 16

L L r r r
1 2 3 4 5 6 10 11 12 13 14 15 16



.time; % extract data from structure S
.data(:,2);
.data(:,3);
.data(:,4);
.data(:,5);
.data(:,6);

HooOoo
o
N n nh N 1

x1l = X.data(:,1); % extract data from structure X
X.data(:,2);
X.data(:,3);
x4 = X.data(:,4);

O
w N
n

figure;

subplot(5,1,1); stairs(t,x1l,'b-'); yaxis(0,1.5,0:1)
subplot(5,1,2); stairs(t,x2,'b-'); yaxis(0,1.5,0:1)
subplot(5,1,3); stairs(t,x3,'b-'); yaxis(0,1.5,0:1)
subplot(5,1,4); stairs(t,x4,'b-'); yaxis(0,1.5,0:1)
subplot(5,1,5); stairs(t,F,'r-'); yaxis(0,1.5,0:1)
xlabel ('\itt"') ;

figure;

subplot(5,1,1); stairs(t,a,'b-'"); yaxis(0,1.5,0:1)
subplot(5,1,2); stairs(t,b,'g-'"); yaxis(0,1.5,0:1)
subplot(5,1,3); stairs(t,c,'b-'); yaxis(0,1.5,0:1)
subplot(5,1,4); stairs(t,d, 'm-'); yaxis(0,1.5,0:1)
subplot(5,1,5); stairs(t,F,'r-'); yaxis(0,1.5,0:1)

xlabel ('\itt') ;




X1Xo

01 11 10

00

X3X,4

!
X1Xo

1

1

10

F

x2 x3 x4

x1

/ /i
XX, + X1Xy' + X3'%,

F

4-bit binary pattern
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F =X X, + X X" +X5'%,

Signal Builder

F_function

timeseries
structure

to workspace?

MUX

boolean to double

Scope

Simulink file: dhazard4.slx, with delays



—_ ! /
F =X X4 + X1 X," + X35'%,

OR Delay5

1 25
( x }x1 4
x1x2' Delay2
z®
x2
Logical Delay
Operator3
25
3 7z 25
_ )
Logical Delay1 x3'x4 Delay3
Operator4
25
GD )l
x4
x1x4 Delay4

does not exhibit any static or
dynamic hazards, apart from
an overall delay




Xy = X3 =X, =1

—_— / 4
F = XX, + X X"+ X35'%,

lﬁ

X1
0' r r r r I
0 1 2 3 4 5 7 8
- | F
0' I r r r r I
0 1 2 T 3 4 5 7 8

t

overall two-gate delay, relative to x;




) Scope
2eaw iR Da S

Xy = X3 =X, =1

—_ / 4
F = XX, + X X"+ X35'%,




